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ABSTRACT 
Providing the minimum flexural reinforcement requirements for concrete girders 
specifies that additional reserve capacity is provided over the flexural cracking limit state. 
This ensures that collapse will not occur upon flexural cracking. The AASHTO LRFD 
Bridge Design Specifications (2017) for the minimum flexural reinforcement requirement are 
experimentally based on research from 1962 and did not include segmental girders, which 
were not prevalent at the time. Furthermore, there has not been research regarding the 
minimum flexural reinforcement for segmental girders. There is also research suggesting that 
scale effects have an influence that was not captured in previous experimental programs. This 
thesis is completed to evaluate the minimum flexural reinforcement in concrete girders as 
part of the National Cooperative Highway Research Program (NCHRP) 12-94 project. The 
details of the construction of the reinforced concrete and pretensioned girders are presented. 
Experimental results and commentary of the testing on two reinforced concrete and three 
pretensioned girders have been documented. Further study was completed with the design 
and analytical study of segmental girders on important parameters used in deriving the 
minimum flexural reinforcement requirements regarding the AASHTO LRFD Bridge 
Specifications (2017).  
The overstrength moment ratio required through the AASHTO LRFD Bridge 
Specifications (2017) has been clarified, which allows for an adequacy evaluation for 
minimally reinforced girders. Through the experiments, it is shown that the full-scale girders 
perform adequately, despite having the minimum or less than minimum flexural 
reinforcement. There is also further evidence provided for a decreasing modulus of rupture 
value for an increasing beam depth. The bond condition of the reinforcement is shown to be a 
xvii 
significant factor and the overstrength moment ratio remains close to one for unbonded 
external segmental structures, despite substantially varying the amount of prestressing steel. 
Girders with bonded reinforcement achieve much higher overstrength moment ratios than 
girders with unbonded tendons and behave more similarly to pretensioned girders. 
Additionally, bonded reinforcement experiences local debonding which allows for greater 
ductility in the structures. 
 
1 
CHAPTER 1.    INTRODUCTION 
1.1 Overview  
In studying the minimum flexural reinforcement requirements of concrete girders 
with minimum flexural reinforcement, a review of the literature, a series of experimental 
tests, and a parametric study were utilized. This thesis documents the objectives, scope, 
and outcomes of the research. Much of the presented work was completed as part of the 
National Cooperative Highway Research Program (NCHRP) 12-94 project.  
1.2  Problem Statement 
Traditionally, the minimum flexural reinforcement has been used to ensure that a 
structural member would possess sufficient strength and ductility. For this purpose, 
sufficient strength is defined such that a brittle failure of flexural members would not 
ensue beyond the flexural cracking limit state. This requirement in codes and 
specifications is regulated by requiring a member’s minimum flexural strength to be 
above the cracking moment by a certain margin depending on the member type. 
Sufficient ductility is not strictly defined, but the goal is to give users and inspectors 
visual warning before a member collapses by enabling it to exhibit large displacements.  
The current governing design code for bridges is the AASHTO LRFD Bridge 
Design Specifications 2017 (AASHTO Specifications), which has experimental basis 
following a study performed at the University of Illinois, Urbana in 1962 (Warwaruk et. 
al., 1962). The material strengths involved in the experimental program were fitting for 
that time, but the minimum flexural reinforcement for the AASHTO Specifications have 
not been validated with current material strengths which are substantially greater than 
those used in previous studies. Additionally, a review of the research indicates testing of 
2 
large-scale specimens yield slightly different results than small-scale tests on the effect of 
minimum reinforcement. However, Warwaruk et. al (1962) used scaled specimens and 
thus, did not capture the influence of the scale effect. Another cause for concern is the 
absence of testing of segmental beams, which were not prevalent at the time. 
Furthermore, there is a significant absence of experimental research regarding the 
minimum flexural reinforcement requirements for unbonded post-tensioned segmental 
girders. This includes the current AASHTO Specifications, which have not been 
validated experimentally for segmental structures. 
Variables that affect the minimum flexural reinforcement requirement include 
compressive strength of concrete, modulus of rupture for concrete, type of cross section, 
amount of prestressing in the member, effects of creep and shrinkage, use of unbonded 
tendons, and load combinations. As such, there is a tendency for members to be designed 
with unnecessarily excessive amounts of longitudinal reinforcement merely to satisfy this 
requirement, although the needed reinforcement (based on the governing design load) is 
less. As a result, the cost of construction could be increased unnecessarily. Also, utilizing 
an excessively conservative amount of minimum steel reinforcement in concrete 
members can bring the member to an over-reinforced condition, i.e., the member may fail 
in a compression-controlled mode, despite meeting the minimum flexural reinforcement 
requirement. From the design perspective, specifically for prestressed concrete members, 
increasing the nominal capacity of a member can result in increasing its cracking 
moment. This makes the design process iterative and, in some cases, without 
convergence. For post-tensioned unbonded members, this is particularly difficult to 
satisfy because the nominal moment capacity does not increase as efficiently with 
3 
increased prestressed steel due to the lack of strain compatibility between concrete and 
prestressing steel, due to the lack of bonded prestressing steel within a span. When the 
tendons are unbonded over the length of the span, the net tensile strain at the ultimate 
limit state is a small value (MacGregor et al., 1989).  
Of particular importance in the minimum flexural reinforcement requirement is 
the modulus of rupture. In 2005, the modulus of rupture of concrete was increased from 
0.24�𝑓𝑓𝑐𝑐′ (ksi) to 0.37�𝑓𝑓𝑐𝑐′ (ksi) in the AASHTO Specifications in response to research 
findings on high strength concrete, where 𝑓𝑓𝑐𝑐′ is the compressive strength of concrete. 
Consequently, significantly more reinforcement was needed to meet the minimum 
flexural reinforcement requirement. It was argued that the increase in flexural cracking 
strength was inappropriate as the test data used for this justification were largely 
influenced by the curing conditions not representative of field conditions (Holombo and 
Tadros, 2009). Additionally, it was demonstrated that up to 20 to 30% additional 
prestressing steel could be required to meet these provisions in segmental box girders 
(Holombo and Tadros 2009). 
In the NCHRP 12-80 project, Holombo and Tadros (2009) tackled these concerns, 
which ultimately led to the following findings: 1) the modulus of rupture of 0.37�𝑓𝑓𝑐𝑐′ (ksi) 
for estimating the flexural cracking moment in accordance with AASHTO Specifications 
was too high. Overestimating the flexural cracking moment would unnecessarily increase 
the minimum flexural reinforcement requirement, so the modulus of rupture was changed 
back to 0.24�𝑓𝑓𝑐𝑐′ (ksi); and 2) lightly reinforced concrete members have significant 
ductility and sufficient strength beyond experiencing flexural cracking in a displacement-
controlled loading regime. Holombo and Tadros (2009) also observed a depth effect on 
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the modulus of rupture that was observed from the collected data. However, they reported 
that there is limited data for the modulus of rupture value for full-scale members, as it is 
normally not a primary focus of laboratory testing. Furthermore, they recommended 
further research to include large-scale specimens with small-scale modulus of rupture test 
specimens to compare the depth effect on the modulus of rupture. 
1.3 Research Scope and Objectives 
This research presented in this thesis was completed as part of the NCHRP 12-94 
project, where the minimum flexural reinforcement requirements in the AASHTO 
Specifications were evaluated by analytical and experimental investigations. Given the 
large scope of evaluating the AASHTO Specifications, multiple students were engaged. 
In the initial phase of the study, it was realized that the current AASHTO Specifications 
(2017) are somewhat excessive. This thesis describes contributions made toward 
evaluating the minimum flexural reinforcement requirements in the AASHTO 
Specifications. Specifically, this included experimental, design, and analytical 
investigations. The experimental portion included testing of two full-scale reinforced and 
three full-scale pretensioned girders with the minimum or less than the minimum flexural 
reinforcement as per the AASHTO Specifications. The design and analysis effort focused 
on the segmental test specimens, including a parametric study of segmental girders with 
unbonded tendons.   
1.4  Thesis Organization 
The thesis consists of five chapters. Chapter one is the introduction which has 
been detailed above, giving the overarching concerns and objectives of the research. 
Chapter two presents the literature review on the behavior of minimally reinforced 
girders with an emphasis on key parameters for the minimum flexural reinforcement 
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requirement. Chapter three documents the experimental procedures and testing results of 
the reinforced and pretensioned girders. Chapter four details the design of the post-
tensioned segmental girder specimens for the final experimental portion of the NCHRP 
12-94 project and the analytical model development, validation, and the results of the 
parametric study on the post-tensioned segmental girders. In chapter five, conclusions are 
discussed. Additionally, an Appendix has been provided to show the test specimen 
construction drawings. 
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CHAPTER 2.    LITERATURE REVIEW 
2.1 Introduction 
This section presents the current state of knowledge on the behavior of structural 
members designed with minimum flexural reinforcement, including its philosophical 
backgrounds, and factors affecting the minimum reinforcement requirements. Sections of this 
chapter were jointly developed and are presented in the NCHRP 12-94 Project report 
(Sritharan et al., 2018). 
2.2 Philosophical Background 
As previously noted, the main purpose of ensuring minimum longitudinal 
reinforcement in a reinforced or prestressed concrete member is to provide a sufficient level 
of protection for the member from failing suddenly in a brittle manner immediately following 
the formation of first flexural cracks. In this case, the member experiences limited number of 
cracks and concentrated damage in the critical region, as shown in Figure 2.1. These flexural 
cracks develop when the flexural tensile stress in the extreme concrete tension fiber exceeds 
the modulus of rupture of concrete. With a sufficient amount of minimum reinforcement, 
additional flexural cracks will develop along the member length, increasing its moment 
resistance and deflection. If the amount of minimum reinforcement is below a threshold 
value, it will not have the capacity to resist the tension carried by the concrete, causing the 
reinforcement to rupture following the crack formation and the member to experience a wide 
localized crack and sudden failure.  
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Figure 2.1  Brittle Failure of a Beam with Insufficient Minimum Reinforcement under 
4-point Bending (Murray et al., 2007) 
 
To ensure satisfactory behavior of flexural members with minimum reinforcement, 
different measures have been suggested. They include: 1) ductility, 2) brittleness number, 3) 
deflection, and 4) Mo/Mcr ratio, where Mo is the flexural strength at the ultimate limit state 
and Mcr is the moment that produces the first flexural cracks. However, there is no consensus 
on what the best measure is for ensuring adequate safety of flexural members with minimum 
reinforcement. In general, ductility has been more frequently used to define member 
displacement capacity, while the Mo/Mcr ratio has been commonly used for ensuring safety of 
flexural members with minimum reinforcement in design codes. The use of Mo/Mcr ensures 
that failure will not commence upon the first flexural cracks but does not guarantee a 
particular amount of ductility.  
AASHTO LRFD Bridge Design Specifications (2017) prescribes the amount of 
minimum flexural reinforcement for both reinforced and prestressed concrete members with 
the intention of minimizing the probability of brittle failure of both member types. This is 
ensured by providing an adequate amount of minimum reinforcement so that the flexural 
capacity of the member will be sufficiently greater than the cracking moment, or 33% greater 
than that required by the applied factored loading of the member, whichever is smaller. 
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Consequently, the members are protected from experiencing sudden failure without warning 
or redistribution of loads. In addition, for tension-controlled members, other provisions in the 
specifications ensure that these members will possess adequate ductility so that the members 
will provide visual warning before experiencing a complete failure. The code infers that if a 
section is tension-controlled, the member will experience observable warnings of failure 
before collapse. However, for compression-controlled members, similar behavior is not 
possible and, therefore, such members are expected to be designed with a lower resistance 
factor, increasing the ratio between the flexural capacity and cracking moment. 
The minimum flexural reinforcement requirement typically consists of an explicit 
consideration of the cracking moment in the equation, which is a function of section 
geometry and modulus of rupture for reinforced concrete members. For prestressed concrete 
members, the cracking moment also depends on the amount of effective prestress and its 
location at the critical section. Among these variables, the modulus of rupture has large 
variations and a typical value of 0.24�𝑓𝑓𝑐𝑐′ in ksi is used (Holombo and Tadros, 2009). 
However, large-scale flexural tests have shown that the amount of minimum reinforcement 
required in a flexural beam depends on the height of the member (e.g., Shioya et al. (1989)). 
This finding has also been supported analytically using the fracture mechanics theory 
(Hillerborg et al., 1976; Bosco and Carpinteri, 1992; Hawkins and Hjorteset, 1992; Bažant, 
1999; Karihaloo et al., 2003). Accordingly, the modulus of rupture is not considered a 
material property, but rather, the characteristic length, which is defined by the modulus of 
elasticity, modulus of rupture and fracture energy per unit area, is suggested to be the 
material property. This implies that the minimum amount of reinforcement could be 
decreased as the member depth increases. 
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2.3 Flexural Member Behavior with Minimum Flexural Reinforcement 
The size effect in reinforced concrete beams was observed in a series of tests 
completed at the University of Toronto (Collins and Kuchma 1999, Angelakos et al. 2001, 
Collins et al. 2015). The beams tested ranged in depth from 5 in. up to 13 ft 1 in. Although 
these tests were not specifically intended to determine the flexural capacity of the beams nor 
the impact of minimum reinforcement, the flexural reinforcement ratio in the beams was 
varied from 0.5% up to 2.09%. The beam depth was found to affect the cracking moment of 
the beams, confirming the expected outcome from the fracture mechanics theory. 
Research performed at the University of Illinois by Warwaruk (1962) was noted as 
the experimental foundation for the AASHTO LRFD Bridge Design Specifications 
(AASHTO, 2017). A review of this study is presented to understand its philosophical and 
experimental conclusions. Warwaruk (1962) tested 82, simply supported prestressed concrete 
beams. Of these beams, 74 of them were post-tensioned and eight were pretensioned. 
Segmental girders were excluded from the experimental program as they were not prevalent 
at the time of testing. Of the post-tensioned beams, 26 had unbonded strands, 33 had only 
bonded strands through grouting of the strands, and 15 had supplementary bonded mild steel 
reinforcement. The simply supported span length remained constant at nine feet and two, 
point loads varying from 1/4th to 5/12th of the span or one, point load at midspan was used 
for testing. The nominal cross section dimensions were 12 inches deep and six inches wide. 
The 28-day compressive concrete strength varied from 1,060 psi to 8,320 psi. The typical test 
set up implemented in the research is shown in Figure 2.2.  
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Figure 2.2  Typical Details for Post-Tensioned Test Specimen (after Warwaruk, 1962) 
Only straight reinforcement was used for both the strands and the reinforcing bars. 
The single-wire strand diameter ranged from 0.191 to 0.199 in., the effective prestress of the 
strands varied from 19 to 151.3 ksi, and the stress at failure varied from 186 to 267 ksi.  The 
mild steel reinforcement used were #3 bars with a yield strength and ultimate strength of 48 
and 75 ksi, respectively. The depth of the steel used for testing as a percentage of the member 
height was varied and for some cases was less than that anticipated for use in full-scale 
design. Table 2.1 gives an overview of the material properties of the specimens. 
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Table 2.1  Beam Properties Tested by Warwaruk (1962) 
Beam Type QTY  f'c (ksi) 
fr/√f'c 
(ksi) 
fpe 
(ksi) 
fpu 
(ksi) 
fpy 
(ksi) 
ds/H 
(%) 
Post-Tensioned 
Bonded 33 
Max 8.32 0.35 151.3 257.0 245.0 80% 
Avg 4.75 0.21 101.8 241.8 209.2 72% 
Min 1.27 0.07 19.0 186.0 148.0 66% 
Post-Tensioned 
Unbonded 26 
Max 7.60 0.35 127.5 255.0 214.0 70% 
Avg 3.95 0.23 120.1 251.5 210.5 63% 
Min 1.53 0.11 111.0 250.0 199.0 58% 
Post-Tensioned 
Unbonded with 
Supplementary 
Bonded Mild 
Reinforcement 
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Max 5.43 0.42 124.4 255.0 214.0 65% 
Avg 4.03 0.22 120.3 252.9 206.0 62% 
Min 1.06 0.10 117.0 251.0 199.0 59% 
Pretensioned 8 
Max 5.28 0.27 118.2 267.0 220.0 76% 
Avg 4.83 0.18 114.4 267.0 220.0 75% 
Min 3.97 0.12 112.1 267.0 220.0 74% 
 
Warwaruk (1962) noted that prestressed beams can experience three phases in their 
load-deflection behavior. The first, is the linear elastic phase without flexural cracking. Once 
flexural cracking occurs, the second phase of a constantly changing slope is observed while 
the steel reinforcement gradually increases its stress. The third phase is categorized by the 
very slow, and almost linear, increase in load as deflection grows. In this final phase, the 
inelastic steel strain dominates the response. The effect of 𝜌𝜌/𝑓𝑓𝑐𝑐′ ratio was observed, where 𝜌𝜌 
is the reinforcement ratio (𝐴𝐴𝑠𝑠/𝑏𝑏𝑏𝑏), 𝐴𝐴𝑠𝑠 is the total reinforcement area, 𝑏𝑏 is the beam width, 𝑏𝑏 
is the beam effective depth, and 𝑓𝑓𝑐𝑐′ is the 28-day concrete compressive strength. It was noted 
that for beams with low values of 𝜌𝜌/𝑓𝑓𝑐𝑐′, an increase in the effective prestressing decreased 
the second phase behavior because the steel reached its inelastic range more quickly and the 
prestress variability was found to have a negligible effect on the moment capacity for the 
practical ranges of prestressing application. For high ρ/𝑓𝑓𝑐𝑐′ values, the increase in prestressing 
led to a quicker progression from the second phase into the third phase and a slightly higher 
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moment capacity. Bonded beams with high values of 𝜌𝜌/𝑓𝑓𝑐𝑐′ and all unbonded beams did not 
undergo the third phase of the load-deflection behavior, and therefore produced a more brittle 
response. Thus, to maintain a certain level of ductility Warwaruk (1962) suggested an upper 
limit of 𝜌𝜌𝑓𝑓𝑠𝑠𝑠𝑠
𝑓𝑓𝑐𝑐
′ =  0.25, where 𝑓𝑓𝑠𝑠𝑠𝑠 is the stress in the prestressed steel at failure. This was 
defined as the limit for the degree to which a section was compression-controlled. Secondly, 
to avoid collapse upon initiation of flexural cracking, the lower limit of Mo ≥ Mcr was 
suggested, where Mo is the moment capacity of the beam and Mcr is the moment at which the 
section first develops flexural cracks. 
Freyermuth and Aalami (1997) noted the abrupt failure of beams after developing 
flexural cracks that the minimum flexural reinforcement attempts to prevent has not been 
observed in real-world conditions. As they unified the minimum reinforcement requirements 
for prestressed and reinforced concrete beams in the ACI 318 specifications, they relied on 
data from the testing completed by Warwaruk (1962) for establishing their conclusions. They 
observed from Warwaruk’s test specimens that for all beams with bonded reinforcement, 
there was no decrease in load-carrying capacity beyond the flexural cracking limit state of the 
member and the tests did not suggest any concern for beams with reinforcement ratios as 
small as 0.101%. They further noted that the greatest ductility was found with the most 
lightly reinforced member; however, it was acknowledged that under a load-controlled 
testing scheme, these members could have failed abruptly. Of the unbonded post-tensioned 
beams with the lowest Mo/Mcr, the actual applied moment during the test was substantially 
greater than the design moment of the beam from the code. In addition, the steel depth of the 
unbonded beams was less effective than their bonded counterparts by a factor of about 1.2. 
This effect contributed to the less favorable results for the unbonded beams.  
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Ozcebe (1999) evaluated the minimum reinforcement by testing six T-beams while 
varying the concrete strength and reinforcement ratio. The simply supported beams were 
tested under four-point loading and once the beams reached a Δ/L ratio around 1/40 to 1/30, 
the tests were terminated. This precaution was taken because the stability of the test set up 
was endangered by the possible collapse of the beam. Figure 2.3 shows a linear relationship 
of the overstrength moment ratio and the percentage of minimum flexural reinforcement. The 
overstrength moment ratio remains above the conventional 1.2Mcr. The linear relationship 
indicates that as the percentage of the minimum flexural reinforcement is increased, the 
overstrength moment ratio increased proportionally. Table 2.2 summarizes the response of 
the beams, which shows the deflection ductility and the Δ/L ratios are quite high for all 
beams, despite somewhat premature termination of the tests. 
 
Figure 2.3  Test Specimen Overstrength Moment Ratios Observed by Ozcebe (1999) and a 
Linear Trend Line 
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Table 2.2  Response Summary of T Beams Tested by Ozcebe (1999) 
Beam f'c ρl Mo/Mcr 
Δ/L 
μd = ∆o/∆cr 
ID ksi % % 
T601 8.83 0.323 1.42 2.52 155.3 
T602 9.33 0.486 1.78 3.33 138.0 
T603 8.92 0.646 2.22 2.68 143.2 
T901 12.55 0.395 1.49 2.81 136.5 
T902 11.52 0.465 1.80 3.34 195.6 
T903 12.30 0.698 2.50 3.25 130.3 
 
From a fracture mechanics perspective, several experiments have shown that depth 
has an influence on the fracture energy. One of such experiments were carried out by Bosco 
(1990). Thirty reinforced concrete beams were tested by varying the reinforcement ratio, 𝜌𝜌𝑙𝑙, 
and beam depth. The span-to-depth ratio was kept constant at six and the dimensions shown 
in Figure 2.4 were used for the beams. A brittleness number, 𝑁𝑁𝑝𝑝, was derived to evaluate the 
minimum amount of flexural reinforcement for high-strength concrete beams. The equation 
for the brittleness number is: 
 
𝑁𝑁𝑝𝑝 =  𝑓𝑓𝑦𝑦ℎ1/2𝐾𝐾𝐼𝐼𝐼𝐼  𝐴𝐴𝑠𝑠𝐴𝐴  (2.01) 
where 𝐴𝐴 is the gross area of the section; 𝐴𝐴𝑠𝑠 is the area of the steel reinforcement; ℎ is 
the beam’s depth; 𝑓𝑓𝑦𝑦 is the yield stress of the reinforcement; and 𝐾𝐾𝐼𝐼𝐼𝐼 is the fracture toughness 
of the concrete. The equation defining the concrete fracture toughness in terms of the fracture 
energy, 𝐺𝐺𝐹𝐹, and the modulus of elasticity of the concrete, 𝐸𝐸𝑐𝑐, is: 
 𝐾𝐾𝐼𝐼𝐼𝐼 =   �𝐺𝐺𝐹𝐹𝐸𝐸𝑐𝑐 (2.02) 
The experiments showed the brittleness number, 𝑁𝑁𝑝𝑝 , increased when the amount of 
reinforcement decreased, or the beam depth increased. Additionally, the study concluded that 
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if 𝑁𝑁𝑝𝑝 is held constant, the reinforcement ratio is inversely proportional to the beam depth. 
This suggested that lower minimum reinforcement ratios are needed in deeper beams. 
 
Figure 2.4  Dimensions of Specimens Tested by Bosco et al. (1990) 
Figure 2.5 shows the midspan load deflection graphs for the beams and highlights the 
detrimental behavior associated with not having sufficient reinforcement in concrete beams. 
The consistent negative post-cracking stiffness leads to brittle failure. It was shown that even 
mildly reinforced beams with seemingly adequate reinforcement could experience a slight 
negative stiffness before recovering to a positive stiffness. 
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Figure 2.5  Midspan Load Deflection Graphs for Beams tested by Bosco et al., 1990 
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After cracking, Bosco (1990) illustrates the beam can experience a snap-through (AB) 
or a snap-back (AC) behavior with load and deflection control respectively as shown in 
Figure 2.6. This behavior become increasingly important to consider as the amount of 
reinforcement decreases.  
 
 
Figure 2.6  Snap-Through and Snap-Back Behaviors, Respectively, with Load-Control (AB) 
and Deflection-Control (AC) (Bosco et al., 1990) 
Ferro et al. (2007) used a numerical model with linear elastic fracture mechanics 
(LEFM) concepts to assess the minimum reinforcement in concrete members by the bridged 
crack model. Ferro et al. (2007) defines a maximum and a minimum brittleness number, 
which represented two types of collapse failure expected in a beam under flexure: the 
concrete crushing in the compressive zone and the steel rupturing upon flexural cracks 
developing. With LEFM, it was concluded that the minimum reinforcement ratio requirement 
would decrease with increase in the beam depth. 
Shin (1989) tested 12 reinforced concrete beams evaluating the performance of high-
strength concrete (HSC). It was shown that the maximum deflection for HSC members 
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increased marginally and the initial flexural stiffness for the members with HSC was higher. 
It was noted that the members with low reinforcement ratios underwent large deformations 
without a sudden decrease in the load-carrying capacity. There were sharp decreases in the 
load-carrying capacities of the beams with larger reinforcement ratios; however, the load 
rebounded after experiencing crushing of concrete that transferred the compression into 
compression reinforcement. Therefore, it was concluded that as the reinforcement ratio 
decreased, the ductility increased for the reinforcement ratios tested. Shin (1989) observed 
the ductility of the higher strength concrete specimens being generally greater than the 
specimens with moderate concrete strength. 
Rashid (2005) evaluated high-strength concrete’s effect on 16 reinforced concrete 
beams. From the tests and analytical evaluation, it was noted that as the concrete compressive 
strength was increased up to 15.2 ksi, the ductility of the beams increased. Increasing the 
concrete compressive strength beyond 15.2 ksi decreased the ductility in the member. Rashid 
concurred with the modulus of rupture assigned by ACI to concrete of 7.5�𝑓𝑓𝑐𝑐′ (𝑝𝑝𝑝𝑝𝑝𝑝) 
[0.24�𝑓𝑓𝑐𝑐′ (𝑘𝑘𝑝𝑝𝑝𝑝)]. 
Lambotte (1990) tested reinforced concrete beams and slabs with concrete strengths 
and the reinforcement ratio as the main test variables. It was shown within the stabilized 
cracking region that the crack widths and the crack spacing are independent of the concrete 
strength. It was also observed that the flexural stiffness, before cracking, was higher for 
higher strength concrete and the post-cracked stiffness was not significantly influenced by 
the concrete strength. The lowest reinforcement ratio that was tested was 0.48 percent and 
those beams behaved in a ductile manner. 
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Fayyad and Lees (2015) explored the minimum flexural reinforcement ratio as it 
related to the concrete strength and beam depth using a fracture mechanics-based model. The 
authors noted that there was much disagreement about the correlation between the 𝜌𝜌𝑚𝑚𝑚𝑚𝑚𝑚 and 
beam depth. The minimum reinforcement ratio, 𝜌𝜌𝑚𝑚𝑚𝑚𝑚𝑚, was defined as the minimum amount 
of steel required to avoid unstable crack growth divided by the concrete’s compressive width, 
b, and the depth of steel, d. The model was used to conclude again that as the beam depth 
increased, the required 𝜌𝜌𝑚𝑚𝑚𝑚𝑚𝑚 decreased. It was also concluded that an increase in the concrete 
strength increased 𝜌𝜌𝑚𝑚𝑚𝑚𝑚𝑚. Figure 2.7 shows the proposed values for minimum reinforcement in 
relation to an increase in beam depth compared to ACI 318-11 and Eurocode 2 (EC2). 
 
Figure 2.7  Minimum Reinforcement Requirements in Design Standards compared to 
Proposed Values by Fayyad and Lees (2015) 
 
Mattock (1971) tested 10 specimens for observing the effects of bonded vs. unbonded 
tendons and the use of unprestressed reinforcement. From the tests, the use of seven-wire 
strand as effective bonded unprestressed reinforcement was verified. It was found that the 
unbonded beams with additional unprestressed bonded reinforcement had ductility and 
strength qualities equal to, or better than, those of comparable bonded post-tensioned beams. 
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Mattock recommended providing bonded steel of 0.4 percent of the area between the flexural 
tension face to the neutral axis of the gross section. This bonded reinforcement requirement 
is to ensure serviceability requirements and sufficient post-cracking strength. 
Rabbat and Sowlat (1987) tested three segmental girders to understand the differences 
in behavior of beams with external vs. internal tendons. The three test units comprised of one 
with wholly bonded internal tendons, one with external unbonded tendons, and one that was 
a modified combination. The modified specimen had external tendons covered with concrete 
in a second stage cast to produce a bonded-like condition. Figure 2.8 illustrates the different 
bonding conditions by showing the cross sections and its reinforcement. There was no mild 
reinforcement crossing the dry, non-epoxied joints in the test units. 
 
Figure 2.8  Cross Section of Specimens Tested by Rabbat and Sowlat (1987) 
The simply supported spans were loaded in four-point bending. In the first cycle, the 
beams were loaded to a displacement around 3 inches, where significant nonlinear 
deformation was observed. In the second cycle, the beams were forced to fail after torching 
the end anchorages of one strand on each side of the web. The anchors were torched to 
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represent a seismic-induced failure. Figure 2.9 shows the applied moment and deflection at 
the midspan of the beams. For a given moment, the external tendons had a high deflection, 
but the internal tendons reached a larger displacement. The torching of the tendons did not 
affect the bonded tendon in the second cycle, whereas the other two specimens’ behaviors 
were clearly influenced. The bonded test specimen had an initiation of failure with concrete 
crushing and then the strands ruptured whereas the unbonded and modified unbonded 
specimens failed in shear with the shear keys breaking off. 
Table 2.3  Summary of Tests Rabbat and Sowlat (1987) 
Beam Type ρl (%) Δ/L μΔ Mo/Mcr* 
Bonded 0.103 2.13% 28.4 2.08 
Unbonded 0.103 1.20% 18.8 1.90 
Modified Unbonded 0.103 1.21% 16.5 2.18 
* Mo is from first cycle loading and Mcr is first joint opening 
 
Figure 2.9  Midspan Load Deflection Graphs from Rabbat and Sowlat (1987) 
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stress of 0.5 ksi while the tendon slip was only around 0.04 in. Additionally, it was found that 
the maximum bond stress developed was sustained well beyond initial slipping of the tendon. 
Hindi et al. (1995) studied the performance of a three-span segmental structure. An 
objective of this study was to observe the influence of the number of deviators to which the 
external tendons were bonded on the strength and ductility of the member. The authors found 
that as the number of bonded locations increased the ductility and strength capacity of the 
member increased. The increase in bonded locations increased the number of joints that 
opened under the loading. The joint openings allowed the length in the tendon to change over 
a shorter distance, which resulted in a higher stress change in the strands. Figure 2.10 shows 
the load-deflection plot which exemplifies this trend. 
 
Figure 2.10  Midspan Load-Deflection Response Established by Hindi et al. (1995) 
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the top flange. Although low reinforcement ratios were used, adequate ductility was shown. 
The ductility is shown in the Δ/L in Table 2.4. 
Table 2.4  Test results and characteristics from Aparicio et al. (2001) 
Beam Beam ρl Δ/L Longitudinal 
Reinforcement Type % % 
D2 Segmental 0.078 1.36 4, 0.6 in. dia. 
M2 Monolithic 0.078 0.74 4, 0.6 in. dia. 
M3 Monolithic 0.117 1.01 6, 0.6 in. dia. 
M4 Monolithic 0.156 0.78 8, 0.6 in. dia. 
 
The authors’ determined that as the external tendon length was decreased, the change 
in stress, from initial conditions to final, increased. Intuitively, the higher stress increases 
both the moment capacity and ductility due to the elongation in the strands.  
While studying the beam depth effect on the minimum flexural reinforcement 
requirement, Bruckner and Eligehausen (1998) concluded that increase in beam depth, 
resulted in decrease in ductility. The three sets of beams were reinforced with 𝜌𝜌𝑙𝑙 = 0.15%.  
The beam depths were 4.92 in., 9.84 in., and 19.7 in. while the span over depth ratio 
remained constant at six. Each set behaved in a ductile manner, but as the beam depth was 
increased, the ductility decreased which is shown in the Δ/L ratio in Table 2.5. Despite the 
low reinforcement ratio, the beams’ maximum moment capacity surpassed the 1.2Mcr 
threshold. 
Table 2.5  Summary of Test Results Reported by Bruckner and Eligehausen (1998) 
Set ρl Δ/L Mo/Mcr 
h b Span Longitudinal 
% % in. in. in. Reinforcement 
A 0.15 4.0 1.93 4.921 11.811 29.528 2, 1/4 in. dia. 
B 0.15 2.3 2.53 9.843 11.811 59.055 4, 1/4 in. dia. 
C 0.15 1.5 1.62 19.685 11.811 118.110 2, 1/2 in. dia. 
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Wafa and Ashour (1997) studied the effect that high-strength concrete has on the 
minimum flexural reinforcement requirement. They tested 20 beams by varying the amount 
of steel and the strength of the concrete. As shown in Table 2.6, despite varying the amount 
of reinforcement, the overstrength moment ratio always remained above 1.4. This suggests 
that low reinforcement ratios can still produce adequate strength capacity beyond the flexural 
cracking state. The experiments showed that after flexural cracking the stiffness of the beam 
decreased, and this decrease was affected by the amount of reinforcement provided. Wafa 
and Ashour observed experimentally that as concrete strength was increased, a higher 
minimum reinforcement ratio was required to achieve a specific moment reserve capacity. 
The moment reserve capacity was defined as the ratio between (a) the moment where the 
reinforcement first yielded divided by (b) the moment at which the section cracked. 
Table 2.6  Summary of Test Results Reported by Wafa and Ashour (1997) 
Beam ρl Mo/Mcr 
f'c 
% ksi 
F1 0.21 2.14 6.30 
F2 0.32 2.33 6.45 
F3 0.37 3.08 6.71 
F4 0.40 2.97 6.69 
F5 0.32 1.61 8.55 
F6 0.37 2.59 8.56 
F7 0.48 3.48 8.81 
F8 0.59 3.63 8.78 
F9 0.37 1.70 11.09 
F10 0.48 2.10 11.10 
F11 0.59 2.38 11.12 
F12 0.77 3.14 11.12 
F13 0.32 1.42 11.20 
F14 0.48 1.96 11.19 
F15 0.67 3.26 11.16 
F16 0.88 3.85 11.16 
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Table 2.6  (continued) 
F17 0.32 1.85 13.09 
F18 0.48 1.7 13.04 
F19 0.67 2.24 12.98 
F20 0.88 3.09 13.04 
 
 
Figure 2.11  Overstrength Moment Ratio of Experimental Beams Tested by Wafa and Ashour 
(1997) 
 
Megally et al. (2002) studied the seismic performance of precast segmental bridge 
superstructures. The tested specimens showed that the joints between the segments were 
capable of significant openings without failure. Specimens with internal, bonded tendons and 
external bonded tendons were tested. The experiments showed that the 100 percent external, 
unbonded tendons resulted in the largest ductility, the highest displacement capacity, and the 
least residual displacement after the seismic activity. It was also observed that segmentally 
constructed girders a have lower modulus of rupture. Megally concludes the lower modulus 
of rupture is due to the soft layer of concrete adjacent to the epoxied joint, where aggregate 
finds it more difficult to reach during the concrete pour. 
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In general, as found in various codes, standards, and specifications, the minimum 
reinforcement requirements are directly related to the modulus of rupture of concrete, fr, 
since this determines the cracking moment needed for the calculation of the Mo/Mcr ratio. In 
the current AASHTO LRFD Bridge Design Specifications and ACI Code, this fr is defined as 0.24�𝑓𝑓𝑐𝑐′ (ksi) [7.5�𝑓𝑓𝑐𝑐′ (psi)] (AASHTO, 2017; ACI, 2014). The modulus of rupture of 
concrete is directly related to the tensile strength of concrete, which ranges from 
approximately 0.13�𝑓𝑓𝑐𝑐′ (ksi) if obtained from direct tension tests to approximately 0.38�𝑓𝑓𝑐𝑐′  
(ksi) if obtained from modulus of rupture tests on beams curing under specific conditions. It 
is also important to note that for a brief period of time, the fr was defined as 0.37�𝑓𝑓𝑐𝑐′ (ksi), 
which was deemed overly conservative and considered to not represent the real-world 
scenarios (Holombo and Tadros, 2009; Seguirant et al., 2010). A more recent study by 
Gamble (2017) suggests that the minimum reinforcement requirements should explicitly 
include an additional d/h term, where d is the depth to the steel reinforcement and h is the 
total depth of the beam to obtain a more consistent Mo/Mcr   ratio for all cases, as shown in 
Figure 2.12. A number of studies have suggested that influence of member depth of cracking 
of flexural members should be expected, which is not recognized in the current AASHTO 
LRFD Bridge Design Specifications (2017). 
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Figure 2.12  Effect of Proposed Minimum Reinforcement Equation for Slabs (Gamble, 2017) 
 
2.4 Code Approaches and Methodologies 
This section details the AASHTO, ACI, and Leonhardt methods for the calculating of 
the minimum flexural reinforcement requirement. These methodologies are qualitatively 
discussed.  
2.4.1 AASHTO LRFD Bridge Design Specifications (AASHTO, 2017) 
The current AASHTO LRFD methodology for calculating minimum reinforcement is 
a reliability-based approach, where the factored resistance (Mr) is required to be greater than 
a factored cracking moment (Mcr). In this method, components of the factored cracking 
moment account for more realistic variability of key parameters. The true benefit of this 
method is that sources of variability in computing the factored cracking moment and the 
resistance are appropriately factored. The cracking stress factor is applied to the modulus of 
rupture, which has far greater variability than the amount of prestress (fcpe) at the extreme 
fiber.    
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For convenience, Article 5.6.3.3 of the AASHTO LRFD is reproduced in the 
following: 
Unless otherwise specified, at any section of a non-compression-controlled flexural 
component, the amount of prestressed and non-prestressed tensile reinforcement shall be 
adequate to develop a factored flexural resistance, Mr, at least equal to the lesser of: 
1.33 times the factored moment required by the applicable strength load combination 
specified in Table 3.4.1-1; and 
𝑀𝑀𝑐𝑐𝑐𝑐 =  𝛾𝛾3 ��𝛾𝛾1𝑓𝑓𝑐𝑐 +  𝛾𝛾2𝑓𝑓𝑐𝑐𝑝𝑝𝑐𝑐�𝑆𝑆𝑐𝑐 − 𝑀𝑀𝑑𝑑𝑚𝑚𝑐𝑐 � 𝑆𝑆𝑐𝑐𝑆𝑆𝑛𝑛𝑐𝑐 − 1�� (AASHTO LRFD 5.6.3.3-1) 
where: 
Mcr =  cracking moment (kip-in.) 
fr    = modulus of rupture of concrete specified in Article 5.4.2.6. 
fcpe =  compressive stress in concrete due to effective prestress forces only (after 
allowance for all prestress losses) at extreme fiber of section where tensile stress is caused 
by externally applied loads (ksi) 
Mdnc =  total unfactored dead load moment acting on the monolithic or noncomposite 
section (k-in.) 
Sc   =  section modulus for the extreme fiber of the composite section where tensile 
stress is caused by externally applied loads (in.3) 
Snc =  section modulus for the extreme fiber of the monolithic or non-composite 
section where tensile stress is caused by externally applied loads (in.3)   
Appropriate values for Mdnc and Snc shall be used for any intermediate composite 
sections.  Where the beams are designated for the monolithic or noncomposite section to 
resist all loads, substitute Snc for Sc in the above equation for the calculation of Mcr 
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The following factors account for variability in the flexural cracking strength of 
concrete, variability of prestress and the ratio of nominal yield stress of reinforcement to 
ultimate. 
γ1 =  flexural cracking variability factor 
    = 1.2 for precast segmental structures 
    = 1.6 for all other concrete structures 
γ2 = prestress variability factor 
    = 1.1 for bonded tendons 
    = 1.0 for unbonded tendons 
γ3 = ratio of specified minimum yield strength to ultimate tensile strength of the 
reinforcement 
    = 0.67 for AASHTO M 31 (ASTM A615), Grade 60 reinforcement 
    = 0.75 for AASHTO M 31 (ASTM A615), Grade 75 reinforcement 
    = 0.76 for AASHTO M 31 (ASTM A615), Grade 80 reinforcement 
    = 0.75 for A706, Grade 60 reinforcement 
    = 0.80 for A706, Grade 80 reinforcement 
    = 0.67 for AASHTO M 334 (ASTM A1035), Grade 100 reinforcement 
    = for prestressing steel, γ3 shall be taken as 1.0.  
The provisions for Article 5.10.8 shall apply.   
AASHTO LRFD Article 5.4.2.6 is shown in the following:   
Unless determined by physical tests, the modulus of rupture, fr, for lightweight 
concrete with specified compressive strengths of up to 10.0 ksi and normal weight concrete 
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with specified strengths up to 15.0 ksi may be taken as 0.24λ√𝑓𝑓𝑐𝑐′, where λ is the concrete 
density modification factor as specified in Article 5.4.2.8.   
When physical tests are used to determine modulus of rupture, the tests shall be 
performed in accordance with AASHTO T 97 and shall be performed on concrete using the 
same proportions and materials as specified for the structure.   
2.4.2 ACI 318-14 (ACI, 2014) 
For reinforced concrete members, ACI 318-14 states (in U.S. customary units) that 
the reinforcement provided shall not be less than: 
 𝐴𝐴𝑠𝑠,𝑚𝑚𝑚𝑚𝑚𝑚 = 3�𝑓𝑓′𝑐𝑐𝑓𝑓𝑦𝑦 𝑏𝑏𝑤𝑤𝑏𝑏       (2.03) 
and not less than 200bwd/fy. These requirements may be waived if the provided area 
of steel is 1/3 greater than the area of steel required by analysis, which is primarily to avoid 
large members having excessive reinforcement. It is noted that these requirements are for 
preventing sudden failure of the members and do not account for any effects from the size of 
the member.  
For prestressed members with bonded reinforcement, the total amount of 𝐴𝐴𝑠𝑠 and 𝐴𝐴𝑝𝑝𝑠𝑠 
is required to produce a factored load greater than 1.2 times the cracking moment, which is 
dependent on the modulus of rupture. The cracking moment equation is not provided, but 
rather computed from the modulus of rupture, which is 7.5𝜆𝜆�𝑓𝑓𝑐𝑐′ (psi) or 0.24𝜆𝜆�𝑓𝑓𝑐𝑐′ (ksi), 
where 𝜆𝜆 is taken as one for normal weight concrete. Similar to the reinforced concrete 
members, this provision is required to prevent sudden failure upon flexural cracking. 
Interestingly, it is included in the commentary that this provision does not apply to beams 
with unbonded tendons because abrupt flexural failure upon flexural cracking is not expected 
to occur. 
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For prestressed beams with unbonded tendons, the minimum area of bonded 
reinforcement shall be computed by 𝐴𝐴𝑠𝑠,𝑚𝑚𝑚𝑚𝑚𝑚 = 0.004𝐴𝐴𝑐𝑐𝑐𝑐, where 𝐴𝐴𝑐𝑐𝑐𝑐 is the area of the cross 
section between the flexural tension face and center of gravity of the gross section. This 
requirement for prestressed members with unbonded tendons is implemented so the provided 
bonded reinforcement ensures capacity of at least 1.2 times the cracking moment calculated 
using the modulus of rupture. This requirement for the unbonded case is to facilitate 
acceptable flexural performance at the ultimate limit state, while limiting width and spacing 
of flexural cracks at service load levels, similar to the regular reinforced concrete case, when 
tensile stresses in the concrete exceed the modulus of rupture of the concrete.  
2.4.3 Leonhardt (1964) 
Leonhardt (1964) proposed a method for solving for the minimum reinforcement by 
equating the tensile forces in the concrete beam to the change in the steel stresses as shown in 
the equations below. The stresses are assumed to vary linearly across the section and thus the 
tensile force, 𝑇𝑇𝑐𝑐𝑐𝑐, is produced from the concrete’s tensile strength. The tensile force is 
determined by the shape of the section and its loading before flexural cracking. The change 
in the steel stresses arise from its elongation after the beam has cracked. Figure 2.13 shows 
the uncracked state stress distribution of the beam and the beam at its flexural capacity.   
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Figure 2.13  Concrete and Reinforcement Forces by Leonhardt (Figure by Brenkus and 
Hamilton, 2014) 
𝑇𝑇𝑐𝑐𝑐𝑐 = �12 𝑏𝑏𝑤𝑤 ℎ2� 𝑓𝑓𝑐𝑐        (2.04) 
𝐴𝐴𝑝𝑝𝑠𝑠�𝑓𝑓𝑝𝑝𝑠𝑠 − 𝑓𝑓𝑝𝑝𝑐𝑐� + 𝐴𝐴𝑠𝑠𝑓𝑓𝑦𝑦 ≥ 𝑇𝑇𝑐𝑐𝑐𝑐       (2.05) 
This method is advantageous due to its simplistic nature. The procedure for 
calculating the minimum required steel is non-iterative and it doesn’t necessitate the 
calculation of a cracking moment. However, if a non-rectangular section is utilized, as in 
most situations, the computing of the tensile force can become complex. It should also be 
noted that Leonhardt's proposed method does not consider the depth of the steel and the 
concrete's compression capacity is neglected. This assumes the concrete will not crush as the 
steel increases its stress and that the steel lies at a depth at which it will yield before the 
concrete crushes. 
2.5 Past Research on AASHTO Minimum Reinforcement Requirements 
The NCHRP 12-80 report refined the AASHTO Specifications requirement for 
minimum flexural reinforcement and established the equation included in the current version 
of AASHTO Specification (2017). Its objective was to properly assign levels of uncertainty 
based on the different equation variables. This was achieved in creating three factors to 
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account for the variability in the modulus of rupture, the prestress, and the overstress steel 
ratio of fu/fy. A statistical analysis on the modulus of rupture was performed. The authors 
drew from data on full-size members to make their conclusions on the variability and 
recommended the value for the modulus of rupture of 0.24�𝑓𝑓𝑐𝑐′ (ksi). The prestress variability 
was determined from the unknown nature of prestress losses. The authors acknowledged that 
for pretensioned members, the prestress variability factor could be 1.05 based on the 
literature review on this topic. However, for uniformity with post-tensioned members the 
factor was determined to be 1.1 based on the unknown nature of friction losses, which can 
vary from 15% to 25%.  
The NCHRP 12-80 report noted that for compression-controlled and transition 
sections, the increased margin of safety is provided through the resistance factor, 𝜙𝜙. 
However, it is observed that there is a lack of consistency in the applicability of the margin of 
safety, specifically in the region where the net tensile strain shifts from tension-controlled to 
the transition. In this region, 𝜙𝜙 is such that the nominal moment capacity needs to increase 
incrementally while perhaps a larger factor of safety would have been provided following the 
minimum flexural reinforcement provision. The report recommended 𝜙𝜙 not be reduced for 
the minimum flexural reinforcement to address this inconsistency. It was also observed that 
lightly reinforced concrete members can reach their full nominal moment in their post-
cracked state and behave in a ductile manner. 
2.6 Factors Affecting Minimum Reinforcement Requirements 
A discussion on the key factors affecting minimum reinforcement requirements based 
on the literature is presented herein. 
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2.6.1 Material Strengths 
It is widely accepted that the minimum flexural reinforcement requirements depend 
on both concrete and steel strengths. The higher the strength, the more brittle the member 
behavior becomes. The AASHTO Specifications were developed and calibrated using lower 
concrete and steel strengths that were commonly used at the time. As such, the minimum 
flexural reinforcement requirements may need to be recalibrated using the more common 
concrete and steel strengths currently used as the baseline. 
2.6.2 Modulus of Rupture 
The cracking in concrete is controlled by its tensile strength. However, quantifying 
concrete tensile strength may not be as straightforward. There are three tests that can be done 
to quantify this parameter: direct tension, split cylinder, and small-scale modulus of rupture 
(four-point bending) beam tests. The concrete stress at failure obtained from these tests varies 
from approximately 0.13�𝑓𝑓𝑐𝑐′ (ksi) for direct tension tests to approximately 0.38�𝑓𝑓𝑐𝑐′ (ksi) for 
modulus of rupture tests, which is caused mostly by the differences in the stress gradients in 
the cross-section. The test results for the modulus of rupture are also affected by the curing 
method (Seguirant et al., 2010). Some studies proposed higher values of the modulus of 
rupture depending on whether the specimens were moist cured, or heat cured (Carrasquillo et 
al., 1981; Mokhtarzadeh and French, 2000). The current adopted modulus of rupture in 
AASHTO is 0.24�𝑓𝑓𝑐𝑐′ (in ksi) or 7.5�𝑓𝑓𝑐𝑐′ (in psi), which is independent of the beam depth, 
and is the same as the one adopted in ACI. F 
2.6.3 Depth Influence 
Experimental research on minimum flexural reinforcement mostly utilizes scaled 
beams for economy reasons. Yet as previously noted, the depth of the member influences the 
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modulus of rupture, which has been supported by the fracture mechanics theory and some 
experimental work (Bosco et al., 1990; Bruckner and Eligehausen, 1998; Ferro et al., 2007; 
Rao et al., 2008; Carpinteri and Corrado, 2011). However, due to the lack of enough 
experimental data, the AASHTO Specifications ignore the influence of the member depth, 
which can lead to unnecessarily high amounts of minimum flexural reinforcement in real-
world examples. Including this effect of depth may significantly influence the minimum 
flexural reinforcement because of the basis in the cracking moment, which is significantly 
dependent on the modulus of rupture. Figure 2.14 shows Carpinteri and Corrado’s suggested 
correlation with member depth and the modulus of rupture along with back calculated 
𝑓𝑓𝑐𝑐/�𝑓𝑓𝑐𝑐′ ratios from different tests.  
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Figure 2.14  fr/�𝑓𝑓𝑐𝑐′ Ratios from Full-Depth Concrete Members with a Recommendation from 
Carpinteri and Corrado (2011) 
 
Additionally, segmentally constructed girders have lower values for the modulus of 
rupture (Megally et al., 2002). Megally et al. (2002) concluded that the lower modulus of 
rupture is due to the soft layer of concrete at the ends of the segments adjacent to the epoxied 
joints, where large aggregates are hardly present. Thus, if a primary goal in prescribing 
minimum flexural reinforcement is to ensure the stability of the structure after flexural 
cracking, it is imperative to consider the influence of the depth and type of construction of 
the member for accuracy. Segmental girders tested for minimum flexural reinforcement are 
absent from the experimental literature. Pretensioned girders are more present, though these 
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tests are not always conducted on full-scale specimens. There has been much research on 
mildly reinforced concrete girders; however, these tests were often performed on scaled 
specimens for increased economy, thereby introducing scale effects. 
NCHRP 12-80 addressed the variability of the flexural cracking strength due to the 
member height but concluded due to the limited data that the accuracy gained by including 
the effect was not worth the complexity added to the formulation. 
2.6.4 Steel Bond 
As shown by Hindi et al. (1995), when external tendons were bonded to more 
deviators, the overstrength moment ratio increased. The overstrength moment gain Hindi et 
al. (1995) observed agrees with Radloff’s (1990) conclusion that grouted tendons have 
significant slip resistance at the deviators. It appears that even with very low reinforcement 
ratios, girders with unbonded tendons will fail due to concrete crushing. This is due to the 
low strains found in unbonded tendons even at the ultimate limit state, as shown by Aparicio 
et al. (2001). The AASHTO Specifications account for this lack of strain gain in unbonded 
tendons in the equation used for calculating the prestressed steel stress at the ultimate limit 
state, fps. However, the AASHTO Specifications conservatively do not consider increasing fps 
when the tendon is bonded to a deviator, which decreases the tendon’s unbonded length. 
Utilizing the bond at the deviator would increase the nominal moment capacity of the section 
and thus, help the designer in satisfying the minimum flexural reinforcement requirement. 
2.6.5 Strength Ratio 
The historical strength requirements in AASHTO LRFD Bridge Design 
Specifications historically were based on two equations: 
   𝑀𝑀𝑚𝑚 ≥
1.2𝑀𝑀𝑐𝑐𝑐𝑐
𝜙𝜙
      (2.06) 
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   𝑀𝑀𝑚𝑚 ≥
1.33𝑀𝑀𝑠𝑠
𝜙𝜙
      (2.07) 
Which is in accordance with Warwaruk (1962), who recommended Mo>Mcr. The 
purpose of these strength requirements is to ensure that the beam possesses positive stiffness 
after cracking and thus can still resist load beyond experiencing flexural cracking. Since the 
AASHTO Specifications have been updated to include the variability factors, the specified 
ratios for the overstrength moment are less straightforward. To understand what the 
AASHTO Specifications require, Figure 2.15 shows the expected ratios for Mn/mcr for non-
composite prestressed members as the ratio of fcpe/fr varies. The mild reinforcement is also 
plotted for reference. Where mcr is the theoretical cracking moment equation which 
disregards the variability factors, γ1 and γ2. This assumes for mcr that the flexural cracking 
strength and the effective prestress force are accurately defined. Given that we are 
considering minimum reinforcement, the value for ϕ is taken as 0.9 for mild reinforcement 
and unbonded strands and 1.0 for bonded strands. Tadros and Holombo (2009) found more 
variability in the modulus of rupture (fr) than the effective prestress stress (fcpe) and thus, as 
fcpe/fr increases, the required overstrength moment ratio decreases. Segmental structures 
require a lower overstrength moment ratio due to the lower variability factor for the modulus 
of rupture due to the flexural cracking occurring adjacent to the epoxied joints where there is 
less tensile capacity. The calculation for the overstrength moment ratio required by the 
AASHTO Specifications for all beam types is shown in the equation below. 
𝑀𝑀𝑛𝑛
𝑚𝑚𝑐𝑐𝑐𝑐
≥
𝑀𝑀𝑐𝑐𝑐𝑐
𝜙𝜙𝑚𝑚𝑐𝑐𝑐𝑐
= 𝛾𝛾3��𝛾𝛾1𝑓𝑓𝑐𝑐+𝛾𝛾2𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐�𝑆𝑆𝑐𝑐−𝑀𝑀𝑑𝑑𝑛𝑛𝑐𝑐� 𝑆𝑆𝑐𝑐𝑆𝑆𝑛𝑛𝑐𝑐−1��
𝜙𝜙��𝑓𝑓𝑐𝑐+𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐�𝑆𝑆𝑐𝑐−𝑀𝑀𝑑𝑑𝑛𝑛𝑐𝑐�
𝑆𝑆𝑐𝑐
𝑆𝑆𝑛𝑛𝑐𝑐
−1��
     (2.08) 
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Figure 2.15  Overstrength Moment Ratios Required by the AASHTO Specifications for Non-
composite Prestressed Members 
2.7 Summary of Findings 
Important findings from the literature review presented in this chapter as relevant to 
this thesis are summarized as follows:  
• There has been no extensive experimental research to study the minimum flexural 
reinforcement requirements on bridge girders, in particular research involving 
prestressed concrete and segmentally constructed girders subjected to large-scale 
testing. 
• Past research on minimally reinforced structures has used different measures to 
quantify the satisfactory performance, such as moment ratios, ductility, brittleness 
number, deflection, etc.; however, the main methodologies reviewed used strength as 
the governing criterion. Furthermore, the AASHTO Specifications are 
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comprehensive, uniform, and logical. They are comprehensive in that they consider 
the tension and compression failure in the member for requiring the design moment 
capacity to be greater than Mcr. The AASHTO Specifications are also consistent 
between beam types, rather than requiring different criteria based on the beam type. 
The AASHTO Specifications are logical in that they modified the overstrength 
moment ratio based on a statistical study. However, this change made the required 
overstrength moment ratio less straightforward, but the values of the overstrength 
requirement have been clarified.  
• Use of the fracture mechanics concept has led to better understanding of the influence 
of member depth on flexural cracking. However, it has not been widely used in 
routine design practice. Furthermore, the gathered experimental data corroborate this 
effect. 
• Three parameters have been shown to limit the minimum flexural reinforcement in 
flexural members: ductility and strength ratio (mainly for safety) as well as crack 
width (mainly for serviceability). Due to the emphasis on safety, crack width is not 
considered as a main controlling parameter in the current research since different 
provisions are used in the AASHTO Specifications to evaluate this. 
• If the bond condition at the deviators was incorporated into the nominal moment 
capacity for girders with unbonded tendons, this would improve accuracy by 
acknowledging the observed slip resistance at the deviators for grouted tendons. The 
inclusion of the bond condition for girders with unbonded tendons would increase the 
nominal moment capacity and thus, aid designers in meeting the minimum flexural 
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reinforcement requirement. However, this additional accuracy would add complexity 
to the calculation of the nominal moment capacity. 
• The variability of certain material properties from specified to actual values is not 
addressed in the AASHTO Specifications. This variation should be given 
consideration in establishing the minimum flexural reinforcement; however, it is 
outside of the scope of this thesis. 
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CHAPTER 3.    EXPERIMENTAL INVESTIGATIONS 
3.1 Introduction 
This chapter presents a summary of completed experimental investigations of the 
thesis. In total, five beams were tested which consisted of two reinforced concrete and three 
pretensioned concrete girders. As detailed later in the chapter, the reinforced concrete and 
pretensioned beams were full-scale units.  
3.2 Experimental Test Matrix 
The test matrix is summarized in  
Table 3.1. In addition to the beam types, the test matrix was designed to examine 
potential effects of scale and the amount of minimum flexural reinforcement. In addition, 
several modulus of rupture tests were conducted using 4 in. x 8 in. cylinders and 6 in. x 6 in. 
x 3 ft beams. Based on the findings from preliminary analyses, the intention was to test all 
beams with about 75% of the minimum reinforcement required by the AASHTO 
Specifications. 
Table 3.1  Experimental Test Matrix 
Type Section ID 
Depth 
(without 
deck) 
Span Span-
to-
Depth 
Ratio 
Beam fc' % of AASHTO 
Min. Required Length Design Actual* 
(ft) (ksi) (ksi) Design Actual* 
Reinforced 
Concrete 
RC1 4'-0" 32 8 5 6.1 82.2% 74.6% 
RC2 2'-6" 20 8 5 4.3 77.1% 82.4% 
Bonded 
Pretensioned 
BTE70 5'-3" 70 13.33 6 6.7 57.7% 50.1% 
BTC60 3'-9" 60 16 6 7.4 61.6% 55.1% 
A34 2'-8" 34.17 12.81 6 7.9 108% 102% 
*Actual values are from the measured concrete strengths 
 
43 
3.3 Construction and Test Setup 
3.3.1 Reinforced Concrete Girders 
The two RC beams were constructed using a combination of wooden block-outs and 
steel formwork. The taller of the two beams required ties for the hydrostatic force from the 
concrete pour. The small voids left from the ties were filled with grout prior to testing.  
 
Figure 3.1  Casting Operations for the RC Girders (Sritharan et al., 2018) 
 
The reinforced concrete girders RC1 and RC2 were constructed in the Structural 
Engineering Laboratory at Iowa State University. After completing the rebar cage as shown 
in Figure 3.2, the formwork was constructed. The formwork was built so that it could be used 
to cast both RC beams, minimizing the work and time between pours. Wooden forms were 
required to achieve the desired shape where the flange intersected with the web, as shown in 
Figure 3.3. Because girders RC1 and RC2 were designed with similar cross sections, the 
wooden forms were used for construction of both RC girders. Atop the wooden forms, metal 
formwork was placed to reach the full height of the web for girder RC1, which can be seen in 
Figure 3.4. To adequately provide resistance to the hydrostatic pressure from wet concrete, 
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support frames were built using 2x4 wood studs and placed along the length of the beams. 
The ends and tops of the formwork were reinforced with yokes, which functioned as ties, and 
can be seen in Figure 3.5. Table 3.2 presents the reinforced concrete girders tested, where 
percentage of minimum flexural reinforcement represents the amount of reinforcement in the 
girder with respect to the minimum flexural reinforcement requirement according to the 
AASHTO Specifications. 
Table 3.2  Summary of Reinforced Concrete Test Girders 
% Minimum Flexural Reinforcement Reinforcement 
Beam f'c,design f'c,experimental Size Quantity 
RC1 82.2% 74.6% #5, #3 5, 2 
RC2 77.1% 82.4% #5, #3 3, 2 
 
 
Figure 3.2  Assembled Reinforcement Cage for RC1 Girder (Sritharan et al., 2018) 
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Figure 3.3  Bottom Flange of RC1 Rebar Cage with One Side of the Side Formwork 
Attached (Sritharan et al., 2018) 
 
Figure 3.4  RC1 Girder Metal Formwork Rests on the Wooden Block-out (Sritharan et al., 
2018) 
 
Metal Formwork 
Wooden Block-out 
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Figure 3.5  RC2 Girder Formwork with Top and Bottom Yokes to Resist Hydrostatic 
Pressure (Sritharan et al., 2018) 
 
After the formwork was successfully removed, girders RC1 and RC2 were white 
washed, set on supports, and instrumented. The loading frame and actuator setup as used are 
shown below in Figure 3.6. This frame was designed to have capacity well beyond that of the 
test girders. The actuator that can be seen in the figure is an SPX Power Team RD10020 
Double Acting Push/Pull Cylinders, with a 100-ton capacity and a total stroke of 20-1/8 inch. 
Both RC girders were simply supported with a steel pin and a roller and tested with a single 
point load at the midspan. In each case, the test began with incrementally increasing the load 
to the next target load. Once the response of the girder had softened, the incremental 
continuing of the test was the result of target displacements.  
 
Top Yoke 
Bottom Yokes 
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Figure 3.6  Setup Used for Testing Girder RC1 (Sritharan et al., 2018) 
For all the tests, the instrumentation plans included the use of strain gauges, direct 
current linear variable differential transformers (DC-LVDT), string potentiometers, 
tiltmeters, and load cells. The strain gauges were placed along the longitudinal reinforcement 
to measure the strains. These strain gauges were placed on the pretensioned strands before 
the initial stress to capture the strains during prestressing. The DC-LVDT’s were placed 
where cracking was expected to occur along the depth and side of the member for identifying 
crack initiation and measuring of crack widths. The string potentiometers were placed along 
the member longitudinally for measuring the displacements and capturing displacement 
profiles. At the supports, the tiltmeters measured the amount of beam rotation. At the point of 
load application, the load cell or cells were placed to track the loading applied to the test 
units. An example of an instrumentation plan used for RC1 is shown in Figure 3.7. 
 
 
Girder RC1 
Loading Frame 
Actuator 
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Figure 3.7  External Instrumentation Layout used for Girder RC1 (Sritharan et al., 2018)
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The reinforced concrete girders were instrumented with strain gauges which were 
mounted to the longitudinal and transverse reinforcement, as shown in Figure 3.8. A total of 
11 strain gauges placed on the longitudinal main rebars and three other strain gauges were 
mounted to a stirrup near the midspan. The strain gauge locations as used in RC1 and RC2 
are shown in Figure 3.9. 
All measurement recordings were taken through the entire test at a minimum 
sampling rate of 5 Hz so that the cracking limit state, yield limit state, and overstrength limit 
state could be accurately defined. 
 
Figure 3.8  Strain Gauges Applied on the Reinforcement of RC1(Sritharan et al., 2018) 
Strain Gauges 
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(a) 
 
(b) 
Figure 3.9  Strain Gauge Locations for Girders (a) RC1 and (b) RC2 (Sritharan et al., 2018) 
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Figure 3.10  DC-LVDTs Placed on the South Face of Girder RC1 (Sritharan et al., 2018) 
 
To ensure adequate quantification of the performance of the reinforced concrete 
girders, both concrete samples and steel reinforcement coupons were tested under uniaxial 
loads. Typically, three units were tested, and average values of the key material properties 
were determined unless there was significant variation among the measured properties.  
Figure 3.11 shows a uniaxial tensile test response of size #5 and #3 reinforcing bars. 
The #5 bar (i.e., the main longitudinal reinforcement) did not show a clearly defined yield 
point. The yield strength was therefore determined using a 0.2% offset strain, producing a 
value of 68.61 ksi. For the #3 bar, the yield strength was 71.55 ksi. Table 3.3 summarizes the 
key properties established for the longitudinal reinforcing bars established from the coupon 
testing at a strain rate of 0.2 in/in/min.  
Concrete strengths for RC1 and RC2 were evaluated periodically. While the specified 
strength of the concrete mix was 5,000 psi, the concrete strength data showed gradual 
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increase in concrete strength, as seen in Table 3.4 and Figure 3.12. In addition, 4 in. by 8 in. 
cylinders were cored from RC2 following the test and further compression tests were 
completed. 
 
Figure 3.11  Stress Strain Diagram for the #5 and #3 Rebars 
Table 3.3  Steel Reinforcement Material Properties 
Bar 
Size fy (ksi) fu (ksi) 
Modulus of Elasticity, E 
(ksi) 
#3 71.55 103.3 29,234 
#5 68.61 106.2 28,264 
Note: fy = yield stress and fu = ultimate stress 
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Table 3.4  Measured RC1 and RC2 Concrete Material Properties 
RC1 
Age 
Compressive 
Stress (psi) 
Modulus of Rupture 
Stress (psi) 
Splitting 
Stress (psi) 
fr/√f’c 
(ksi) 
3 days 2821 
N/A N/A N/A 
7 days 3716 
14 days 4058 
28 days 4492 
Test day (50 days)1 4691 
Core (65 days) 6108 N/A 588 0.237 
RC2 
Age Compressive Stress (psi) 
Modulus of Rupture 
Stress (psi) 
Splitting 
Stress (psi) 
fr/√f’c 
(ksi) 
3 days 2531 N/A 
N/A 
N/A 
7 days 3257 N/A 
14 days 4014 434 0.217 
28 days 4047 543 0.270 
Test day (64 days) 4241 599 0.291 
Core (84 days) 4348 N/A 536 0.257 
1Based on one cylinder due to unexpected damage to other samples 
 
Figure 3.12  Compressive Strengths vs. Time 
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3.3.2 Pretensioned Concrete Girders 
The pretensioned concrete girders were designed to target about 75% of the minimum 
amount of flexural reinforcement required by the AASHTO Specifications. The selected 
target percentage of the minimum amount of reinforcement required was 75% because the 
overstrength moment ratios of most cases studied were close to one and yet the girders 
exhibited sufficient ductile behavior. Three pretensioned concrete girders were designed and 
identified as A34, BTC60, and BTE70. These girders have standard Iowa bulb-tee sections at 
full scale with bonded pretensioned strands. A summary of strands used in the pretensioned 
test girders is presented in Table 3.5.  
Table 3.5  Summary of Pretensioned Test Girders 
% Minimum Flexural Reinforcement Strands 
Beam f'c,design f'c,experimental Diameter (in.) Quantity fpi (ksi) 
A34 108.1% 101.5% 0.6 5 199 
BTC60 61.6% 55.1% 0.6 8 196 
BTE70 57.7% 50.1% 0.6 9 196 
 
The pretensioned concrete girders A34, BTC60, and BTE70 were constructed at 
Coreslab Structures in Omaha, NE. Figure 3.13 shows the reinforcing for the BTC60 girder. 
After the pretensioned girders were cast and sufficiently cure, they then were transported to 
the Structural Engineering Laboratory at Iowa State University and a partial deck was 
constructed over a length in the midspan region of each girder where flexural cracking was 
expected to form. This measure was taken primarily to minimize the cost of the test girders. 
Prior to testing of the girders, it was confirmed that the concrete compressive strength of the 
partial deck had reached 4 ksi. 
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Figure 3.13  Casting Operations for Pretensioned Girders (Sritharan et al., 2018) 
 
For applying the quasi-static load to the test girders, two high strength steel rods 
passing through small voids in the deck at the midspan were used to load the beam as 
depicted in the test setups in Figure 3.14, Figure 3.15, and Figure 3.16 for Girders A34, 
BTC60, and BTE70, respectively. This loading approach was preferred as it was expected to 
increase the stability of girders during testing. Directly under the rods, load cells were placed 
to monitor the applied load. Then a spreader beam was placed underneath the load cells. 
Finally, a neoprene pad was positioned between the spreader beam and the surface of the 
deck as a contact area for loading the structure.  
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Figure 3.14  Testing of Girder A34 (Sritharan et al., 2018) 
 
 
Figure 3.15  Testing of Girder BTC60 (Sritharan et al., 2018) 
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Figure 3.16  Testing of Girder BTE70 (Sritharan et al., 2018) 
The girders were instrumented with strain gauges mounted to the longitudinal 
pretensioned strand. The strain gauge locations used in all three girders are shown in Figure 
3.17, Figure 3.18, and Figure 3.19, respectively. The transverse reinforcement, strain gauges, 
and the formwork for the Girder BTC60 can be seen in Figure 3.20. In addition, the girders 
were also externally instrumented with displacement transducers, string potentiometers, 
tiltmeters, and a dense array of 3D Optotrak measurement sensors in the critical region. 
External instrumentation plans for the pretensioned girders are presented in Figure 3.21, 
Figure 3.22, and Figure 3.23.  
Actuator Load Cell 
Spreader Beam 
Steel Rod 
58 
 
Figure 3.17  Strain gauge locations used in Girder A34 (Sritharan et al., 2018) 
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Figure 3.18  Strain gauge locations used in Girder BTC60 (Sritharan et al., 2018) 
 
Figure 3.19  Strain gauge locations used in Girder BTE70 (Sritharan et al., 2018) 
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1 2 3 4 
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Figure 3.20  Strain Gauges as mounted to prestressed strand in Girder BTC60 
(Sritharan et al., 2018) 
 
 
Figure 3.21  External Instrumentation used for Girder A34 (Sritharan et al., 2018) 
Strain Gauges 
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Figure 3.22  External Instrumentation used for Girder BTC60 (Sritharan et al., 2018) 
 
Figure 3.23  External Instrumentation used for Girder BTE70 (Sritharan et al., 2018) 
To ensure adequate quantification of the performance of the pretensioned concrete 
girders, both concrete samples and steel strand coupons were tested. As expected, the tendons 
did not show a clearly defined yield point. The yield strength was therefore determined using 
a 0.2% offset strain, producing a value of 263.1 ksi. Table 3.6 summarizes the key properties 
established for the longitudinal strands from coupon testing.  
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Since casting of test girders with a specified strength of 6,000 psi at 28 days, concrete 
strengths were evaluated periodically. The progression in the gain of compressive strength is 
reported in Table 3.7 and shown graphically in Figure 3.25. 
 
Figure 3.24  Stress Strain Diagram for the Prestressing Tendons 
Table 3.6  Established Properties of Prestressing Strands used in the Pretensioned Girders 
Eps (ksi) fpy (ksi) fpu (ksi) εu (in/in) 
28600 263.1 288.6 0.0438 
Note: fpy = yield strength; fpu = ultimate strength, and εu = ultimate strain 
 
0
50,000
100,000
150,000
200,000
250,000
300,000
350,000
0.0000 0.0100 0.0200 0.0300 0.0400 0.0500
St
re
ss
 (p
si)
Strain (in/in)
Prestressed
Tendon Average
0.2% Offset
63 
Table 3.7  Measured Properties of Concrete Material Properties for the Pretensioned 
Girders 
 
Age 
(days) 
Compressive 
Stress, f’c (psi) 
fr (psi) 
Splitting 
Stress, fsp (psi) 
fr/√f’c 
(ksi) 
fsp/√f’c 
(ksi) 
A34 
3 4703 
N/A 
N/A 
N/A 
N/A 
7 4848 
14 5439 
28 6492 650 0.255 
35 6676 637 0.247 
A34 
Deck 7 4858 
N/A N/A 
BTC60 
2 5119 
7 6170 
34 7033 
58 7300 608 466 0.225 0.172 
62 7422 
N/A 
480 
N/A 
0.176 
BTC60 
Deck 8 4808 N/A N/A 
BTE70 
1 5499 
N/A N/A N/A N/A 
7 5754 
29 6910 
99 7677 
100 7879 689 625 0.245 0.223 
BTE70 
Deck 15 4840 N/A 504 N/A 0.229 
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Figure 3.25  Increase in Concrete Compressive Strength with Time for the 
Pretensioned Girders 
3.4 Experimental Test Results 
 
3.4.1 Reinforced Concrete Girders 
The reinforced concrete girders, RC1 and RC2, were quasi-statically tested by 
applying the load monotonically as shown in Figure 3.26 and Figure 3.27. After each load 
step, the test was paused, visual inspection was conducted, and cracks were located and 
marked on the front and back sides as well as on the bottom of the girder. During test 
observations, there were reductions in loads, which were allowed to occur. The cracking and 
failure loads for RC1 were, respectively, 20 kips and 65 kips, and the corresponding values 
for RC2 were 18 kips, and 42.1 kips. Both girders were tested until they experienced 
compression failure at midspan (see Figure 3.28 and Figure 3.29). Although a compression 
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failure was not expected, they appeared to have been triggered by the localized damage 
resulting from the application of concentrated loads. Figure 3.30 and Figure 3.31 present the 
deformed RC1 and RC2 at failure, respectively. Buckling of reinforcing bar was observed in 
the compression region for RC1 and is visible in Figure 3.32. The tests were subsequently 
terminated. The measured deflection profiles of RC1 and RC2 at different loads are shown in 
Figure 3.33 and Figure 3.34. 
The values of modulus of rupture of concrete obtained for RC1 and RC2 are 0.13�𝑓𝑓𝑐𝑐′ 
and 0.19�𝑓𝑓𝑐𝑐′ (ksi), respectively. These values are lower than the values established from the 
four-inch diameter tension split cylinders. They produced 0.238�𝑓𝑓𝑐𝑐′ and 0.257�𝑓𝑓𝑐𝑐′ (ksi) for 
RC1 and RC2, respectively. 
There were no signs of any inelastic behavior before the first flexural crack occurred. 
The first yielding of the steel appears to have occurred when load reached 50 kips and 23 
kips for RC1 and RC2, respectively, with RC1 producing a higher resistance due to its larger 
section. The strain histories recorded for RC1 and RC2 are shown in Figure 3.35 and Figure 
3.36. Figure 3.35 and Figure 3.36 show the recorded longitudinal strains from extreme #5 
bars at midspan of RC1 and RC2, respectively. Figure 3.37 and Figure 3.38 show the 
recorded longitudinal strains of a gauge as a function of applied load. For RC1, the assumed 
yield strain of 0.25% is shown, but the data indicates that the yielding of the bars occurred at 
a strain of about 0.3%. For RC2, the assumed yield strain of 0.25% is shown based on the 
yield stress of 68.61 ksi and a modulus of elasticity of 27,562 ksi, but the data indicates that 
the yielding of the bars occurred at a strain close to 0.3% for bar 4C. It can also be observed 
from the strain vs. load plots that the rebars slipped during the test in both cases. This local 
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debonding is observed by the strain decreasing while the load was held relatively constant. 
Figure 3.39 and  
Figure 3.40 show data obtained from a displacement sensor across the flexural crack 
that was first developed in RC1 and RC2, respectively. These figures also confirm that 
cracking and yield loads reported above. Since forming, the crack width gradually increased 
and reached a value of 0.28 in. and just under 0.4 in. at the maximum load for RC1 and RC2, 
respectively. The load vs. deflection curves from RC1 and RC2 tests are compared in Figure 
3.41. The net tensile strain for RC2 was also a little higher than RC1, although the difference 
is insignificant, as shown in Figure 3.42. 
 
Figure 3.26  Load History of Girder RC1 
67 
 
Figure 3.27  Load History for Girder RC2 
 
Figure 3.28  Compression Failure at Midspan of Girder RC2 (Sritharan et al., 2018) 
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Figure 3.29  Compression Failure at Midspan of Girder RC1 (Sritharan et al., 2018)  
 
Figure 3.30  Girder RC1 Deformation at Failure (Sritharan et al., 2018) 
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Figure 3.31  Deformation of Girder RC2 at Failure (Sritharan et al., 2018) 
 
Figure 3.32  Rebar Buckling observed in Girder RC1 at Failure (Sritharan et al., 
2018) 
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Figure 3.33  Deflection Profiles obtained at Various Loads for Girder RC1 
 
Figure 3.34  Deflection Profiles Obtained at Various Loads for Girder RC2 
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Figure 3.35  Strain History for Longitudinal Rebar at Midspan for Girder RC1 
 
Figure 3.36  Strain History for the Longitudinal Rebar at Midspan for Girder RC2 
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Figure 3.37  Load vs. Midspan Rebar Strain Plot for Girder RC1 
 
Figure 3.38  Load vs. Midspan Rebar Strain Plot for Girder RC2 
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Figure 3.39  Crack Opening at the Bottom of Girder RC1 as a Function of Load 
 
Figure 3.40  Crack Opening at the bottom of Girder RC2 for Increased Loading 
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Figure 3.41  Comparison of RC1 and RC2 Load vs. Displacement Curves 
 
Figure 3.42  Comparison of RC1 and RC2 Load vs. Strain at Midspan 
75 
3.4.2 Pretensioned Concrete Girder Specimens 
The pretensioned concrete girders, A34, BTC60, and BTE70, were quasi-statically 
tested where the load was applied incrementally as shown in Figure 3.43. The pausing of the 
loading allowed visual inspection and marking of the cracks. The first flexural cracks 
developed when the applied load reached 33, 54, and 75 kips for Girders A34, BTC60, and 
BTE70, respectively. Each girder continued to be loaded beyond experiencing flexural 
cracks. For Girder A34, the test was continued until the actuators reached the stroke limit of 
10 in. and the movement of the girder at the roller support was excessive. For Girders BTC60 
and BTE70, the test was terminated when it experienced a sudden failure due to fracture of 
all strands well after experiencing flexural cracks. The corresponding displacements at failure 
were 12 and 15.3 in., respectively, which were significantly higher than the predicted 
displacements. During the testing of Girders BTC60 and BTE70, several longer pauses can 
be seen, which were to allow the girder to be tested for a health-monitoring project. These 
tests included a series of low amplitude vibrations in the vertical direction to obtain its 
dynamic properties. These tests were performed after an event such as cracking and yielding 
of the reinforcement occurred under quasi-static loads to ensure these tests had no impact on 
the test outcomes. Prior to the vibration tests, the actuator loads were gradually released and 
reloaded after the vibration tests. The displacements recorded during vibration tests never 
exceeded 0.25 in. 
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(a) 
 
(b) 
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(c) 
Figure 3.43  Load Histories for Girders (a) A34, (b) BTC60, and (c) BTE70 
Despite using minimum flexural reinforcement, the response of Girder A34 was very 
ductile. As expected from the design calculations, flexural cracks in this girder developed in 
the middle portion where the deck was located, as shown in Figure 3.44. The reason for the 
beam sustaining much larger flexural displacement than expected is believed to be due to 
local debonding of the strands developing in the critical region and formation of larger 
flexural cracks in the midspan. Consequently, the strain demand in the strands was reducing, 
allowing the beam to produce larger flexural displacement. When the test was terminated, the 
ratio of the girder displacement to the span length (i.e., ∆/L) was about 2.5%.  
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(a) 
 
(b) 
Figure 3.44  Midspan of Girders (a) A34 and (b) BTC60 before termination of Test 
and Failure (Sritharan et al., 2018) 
 
Girder BTC60 also exhibited similar behavior and developed flexural cracks in the 
middle portion of the girder. When ∆/L reached about 1.5%, sudden failure occurred by 
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fracturing of all the strands simultaneously. The crack at the midspan widely opened, before 
splitting the girder into two halves below the deck, as seen in Figure 3.45. It was also 
observed that some stirrups were debonded from the concrete at failure of Girder BTC60.  
 
(a) 
80 
 
(b) 
Figure 3.45  Deformations of Girder (a) A34 and (b) BTC60 at the End of Testing 
(Sritharan et al., 2018) 
 
Girder BTE70 also exhibited very ductile behavior despite using the amount of 
longitudinal reinforcement below the AASHTO Specifications. As expected from the design 
calculations, flexural cracks in this girder developed in the middle portion where the deck 
was located when the applied load reached 75 kips with a corresponding displacement of 
0.35 in. As the load was further increased, uniformly spaced flexural cracks continued to 
form, allowing the beam to experience flexural deflection well above 10 inches. Increasing 
the deflection led to the fracturing of the strands, causing the failure at a displacement of 15.3 
in., which corresponded to ∆/L of about 1.8%. There was no evidence of concrete crushing 
on the compression zone near the top of the deck. The maximum load carried by Girder 
BTE70 was 151 kips, significantly larger than the cracking load. 
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Figure 3.46  Midspan Condition after Failure of Girder BTE70 (Sritharan et al., 
2018) 
 
Figure 3.47  Global View of BTE70 after Failure (Sritharan et al., 2018) 
The deflection profiles for selected load levels are shown in Figure 3.48 while the 
load vs. midspan deflection plot is shown in Figure 3.49 for all pretensioned girders. There 
was no sign of any change in stiffness until the load reached the cracking load. The 
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corresponding load vs. recorded strain curves are presented in Figure 3.50. The first yielding 
of the prestressing tendons appears to have occurred at the load of approximately 55 kips for 
Girder A34, 90 kips for Girder BTC60, and 120 kips for Girder BTE70. It is shown that the 
girders reached a strain level of over 12 mε at failure. It is further seen in Figure 3.50 that 
strain in the strand experienced a sudden drop when the load was held at 135 kips. This drop, 
also seen in another strain gage, is believed to be due to debonding of the strand, affecting 
the strain locally. This figure further confirms the cracking load reported above. Since 
forming of the initial cracks, the crack width gradually increased and reached a value of 0.5 
in. at the maximum load for Girder A34, whereas the crack width at the time of failure for 
Girder BTC60 is meaningless since the girder failed and broke into two pieces. For BTE70, 
the maximum recorded crack width prior to experiencing fracture of strands was 0.2 in., as 
shown in Figure 3.51. 
 
(a) 
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(b) 
 
(c) 
Figure 3.48  Deflection Profiles Obtained at Various Loads for Girder (a) A34, (b) 
BTC60, (c) BTE70 
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(a) 
 
(b) 
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(c) 
Figure 3.49  Load vs. Midspan Deflection Curves for Girder (a) A34, (b) BTC60, and 
(c) BTE70 
 
(a) 
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(b) 
 
(c) 
Figure 3.50  Load vs. Strain Curves for Girder (a) A34, (b) BTC60, and (c) BTE70 
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Figure 3.51  Crack Opening for Girder BTE70 
3.4.3 Summary of Experimental Results 
The experimental testing led to a better understanding of the behavior of girders with 
reinforcement less than the amount required according to the AASHTO Specifications. 
During testing, the onset of flexural cracking was carefully identified, and the corresponding 
modulus of rupture was established for each test girder. The additional data points for the 
modulus of rupture values as a function of member depth are included in Figure 3.52 together 
with test data available in the literature. The additional data points are noted by the NCHRP 
12-94 label. Also presented in the figure are the modulus of rupture values of 7.5�𝑓𝑓𝑐𝑐′ (psi) 
and 11.7�𝑓𝑓𝑐𝑐′ (psi), which represent the current and the past coefficients for modulus of 
rupture in the AASHTO Specifications. In addition, the recommendation of Carpinteri and 
Corrado (2011) is plotted showing the possible variation in modulus of rupture with member 
depth, including ±2.5�𝑓𝑓𝑐𝑐′ variation based on their recommendation. Overall, it is seen that 
DC-LVDT 
Dismounted 
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the plotted data corroborate the notion that the modulus of rupture decreases with increasing 
member depth. The most significant scatter in the data is seen among the modulus of rupture 
data that used 6 in. deep test units.  
 
Figure 3.52  Modulus of Rupture Values from Test Specimens along with Some 
Recommended Values Including that of Carpinteri and Corrado (2011) 
Evaluating the global responses of the members can help assess if the minimum 
flexural reinforcement goal of ensuring adequate safety and providing sufficient warning 
before failure is met. Table 3.8 presents a summary of responses of all test girders. Table 3.9 
provides the experimental overstrength moment ratios compared with the required moment 
ratios per the AASHTO Specifications. Because the AASHTO Specifications implicitly 
include the self-weight of the member, the experimental overstrength moment ratios also 
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include the self-weight of the member. It is important to verify the cracking moment is 
consistently less than the maximum moment resisted by the specimens, which holds true for 
all specimens. The maximum moment is much greater than the cracking moment and is 
shown to have more than adequate overstrength moment ratios in Table 3.9 despite having 
less than the minimum flexural reinforcement.  
Table 3.8  Summary of Responses of Test Girders 
Name Height Span 
Cracking 
Load 
(kip) 
Failure 
Load 
(kip) 
fr/√f'c 
(ksi) 
Failure 
Mode 
Net 
Tensile 
Strain 
RC1 4’-0” 32'-0" 20 65 0.14 Compression 10 mε 
RC2 2’-6” 20'-0" 18 42 0.19 Compression 10.5 mε 
A34 2’-8” 70'-0" 33 79 0.22 N/A 12 mε 
BTC60 3’-9” 60'-0" 54 119 0.11 Tendon Rupture 12 mε 
BTE70 5’-3” 34'-2" 75 151 0.11 Tendon Rupture 16 mε 
Table 3.9  Summary of Overstrength Moment Ratios for Tested Girders 
Beam Experimental Mo/Mcr Required Mn/mcr Provided/Required 
RC1 2.41 1.191 2.023 
RC2 2.01 1.191 1.688 
A34 2.08 1.377 1.511 
BTC60 1.96 1.297 1.511 
BTE70 1.87 1.291 1.449 
 
Displacements in a system can give warning to inspectors and/or users that 
overloading of the structure has occurred and raise concerns of the structural integrity of the 
bridge. This is not specified in the AASHTO Specifications, however large displacements in 
a system will improve the safety of the structure. It was observed that local debonding of the 
reinforcement occurs at cracked sections. The redistribution of the strain allows for greater 
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displacement of the member and prolongs the rupturing of the steel. This effect is shown in 
the tested specimens which displayed high ductility. 
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CHAPTER 4.    DESIGN AND PARAMETRIC STUDY OF SEGMENTAL POST-
TENSIONED GIRDERS 
4.1 Introduction 
As part of the NCHRP 12-94 project of evaluating the AASHTO Specifications, the 
post-tensioned segmental test specimens were designed, and the details of the design are 
presented in this chapter. Additionally, to further understand the behavior of post-tensioned 
segmental girders, an analytical model was developed and validated. The validated analysis 
program was then implemented to study different parameters and their effects regarding the 
behavior with minimal flexural reinforcement. The results of the validation and parametric 
study is included in this chapter. 
4.2 Design of Segmental Specimens 
The cross section that was the most cost effective for construction of the girders was 
an I-shaped cross section. However, because the typical cross section for post-tensioned 
girders use box sections, a representative I section is used as half of the full section as shown 
in Figure 4.1. The I-shape cross section was similar to the pretensioned and RC girders. For 
additional consistency, the target area of reinforcement was 75% of the minimum required by 
the AASHTO Specifications.  
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Figure 4.1  Using an I-section to Represent Different Bridge Girder Sections 
Within the segmental girder spans, the cross sections that differ from this shape are 
the end blocks and the deviators. The deviators transfer the forces from the external tendons 
into the superstructure and the end blocks transfer the prestressing force into the span. The 
prototype structure for the section was taken from an ASBI design example (Theryo, 2004) 
shown in Figure 4.2 and a half-scale and third-scale I-shape girder were designed as fully 
shown in the Appendix.  
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Figure 4.2  Cross-Section for Prototype Segmental Girder (Theryo, 2004) 
The design focused on satisfying the equation of ϕ𝑀𝑀𝑚𝑚 ≥  𝑀𝑀𝑐𝑐𝑐𝑐 , where: 
𝑀𝑀𝑐𝑐𝑐𝑐 =  𝛾𝛾3 ��𝛾𝛾1𝑓𝑓𝑐𝑐 +  𝛾𝛾2𝑓𝑓𝑐𝑐𝑝𝑝𝑐𝑐�𝑆𝑆𝑐𝑐 − 𝑀𝑀𝑑𝑑𝑚𝑚𝑐𝑐 � 𝑆𝑆𝑐𝑐𝑆𝑆𝑛𝑛𝑐𝑐 − 1�� and   (4.01) 
𝑀𝑀𝑚𝑚 =  𝐴𝐴ps𝑓𝑓ps�𝑏𝑏p −  a/2�.        (4.02) 
The fps term is determined by the type of bond that is considered between the tendons 
and the superstructure:  
for unbonded tendons, 𝑓𝑓𝑝𝑝𝑠𝑠 =  𝑓𝑓pe + 900�𝑑𝑑p− c�𝑙𝑙e ≤  𝑓𝑓py    (4.03) 
and for bonded tendons, 𝑓𝑓𝑝𝑝𝑠𝑠 =  𝑓𝑓pu �1 −  k 𝑐𝑐𝑑𝑑p�.    (4.04) 
This was chosen as the design focus because the evaluation of the AASHTO 
Specifications was focused on the cracking moment equation rather than satisfying the 
ultimate demand moment overstrength of 1.33Mu.  
The original construction plan was to have local precasters cast the specimens, but 
due to cost restrictions, the girders were built at Iowa State. Construction for the precast 
segmental girders implemented the long-line, match-cast, segment casting method. In this 
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method, each segment in the span was cast against a bulkhead and the previous segment, and 
the casting traveled along a line. Long-line casting required more formwork, but its 
simplicity and accuracy were the main reasons for selecting this approach. For further 
simplicity, the deviators utilized diabolos rather than fitted steel pipes. The diabolo voids 
formed in the deviators are a specified radius to allow for the tendon alignment and profile to 
change within it. This design assumption allowed for less construction accuracy compared to 
a fitted pipe, but also provides little slip resistance of the tendons at the deviators which 
allows for greater strain redistribution in the strands. Before jacking of the strands, each joint 
was epoxied together. 
4.3 Analytical Model Background 
The program used for the parametric study was NRPF (Ariyawardena, 2000). The 
software models the superstructure as an assemblage of plane-frame elements with short, 
prismatic members. The tendon elements are negligible-inertia members connected to the 
superstructure nodes through rigid links. It predicts the ultimate limit state for unbonded 
internal and external tendons as well as for bonded tendons. It also incorporates the option 
for varying the behavior of the tendon-deviator interaction. The tendon-to-deviator contact 
options include a frictionless, friction, and non-slip plane. The program also can model 
nonlinear material properties through consecutive lines for the stress-strain relationship as 
shown in Figure 4.3. 
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Figure 4.3  Idealization of typical stress-strain curves of materials (Ariyawardena, 2000) 
The concrete material model used was developed by Hognestad (1951). The stress-
strain relationship is given by: 
𝑓𝑓𝑓𝑓𝑓𝑓 𝜀𝜀𝑐𝑐 ≤ 𝜀𝜀𝑜𝑜,     𝑓𝑓𝑐𝑐 = 0.85𝑓𝑓𝑐𝑐′ �2𝜀𝜀𝑐𝑐𝜀𝜀𝑜𝑜 − �𝜀𝜀𝑐𝑐𝜀𝜀𝑜𝑜�2�     (4.05) 
𝑓𝑓𝑓𝑓𝑓𝑓 𝜀𝜀𝑜𝑜 < 𝜀𝜀𝑐𝑐  ≤  𝜀𝜀𝑐𝑐𝑠𝑠,    𝑓𝑓𝑐𝑐 = 0.85𝑓𝑓𝑐𝑐′ �1 − .15 � 𝜀𝜀𝑐𝑐−𝜀𝜀𝑜𝑜𝜀𝜀𝑐𝑐𝑠𝑠−𝜀𝜀𝑜𝑜��   (4.06) 
𝑤𝑤ℎ𝑒𝑒𝑓𝑓𝑒𝑒 𝜀𝜀𝑜𝑜 = 1.7𝑓𝑓𝑐𝑐′/𝐸𝐸𝑐𝑐       (4.07) 
where εc is the compressive strain in the concrete, fc is the compressive stress corresponding 
to εc, f’c is the specified concrete compressive strength, εo is the strain that produces f’c, and 
εcu is the strain at which the concrete crushes, which is specified as 0.0038.  
The stress-strain relationship of the prestressing strands was measured and idealized 
for the validation and standard values were used for the parametric study shown in Table 4.1 
and Figure 4.4.  
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Table 4.1  Prestressing Steel Properties for Validation and Parametric Study 
Purpose Diameter (in.) Eps (ksi) fpy (ksi) fpu (ksi) εpsu (in./in.) 
Validation 0.5 31500 267.8 288.6 0.044 
Validation 0.6 31500 253.6 279.5 0.046 
Parametric Study 28500 243.0 270.0 0.040 
 
 
Figure 4.4  Stress-Strain Diagram for the Prestressing Tendons 
4.4 Analytical Model Validation 
The validation for NRPF utilized the segmental girder experiments in the NCHRP 12-
94 project. The construction drawings for the segmental girders are included in the 
Appendix. The following list details assumptions with a summary of key parameters in Table 
4.2: 
• The specified concrete strength was taken as the average of the center three 
segments of the values obtained from the concrete cylinder breaks. 
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• Although Hognestad (1951) recommends a crushing strain of 0.0038, a strain 
of 0.003 was used for terminating the analysis due to the concrete crushing. 
• The modulus of rupture at the joints in the segments was calculated from the 
experiments. 
• The modulus of rupture was inflated within the segments because the response 
is dominated by the crack opening between segments and because the joint is 
expected to open prior to the flexural cracking in the segment (Megally et al., 
2002). 
Table 4.2  Summary of Analysis Validation Parameters 
Beam Ec (ksi) Eps (ksi) 
Strand 
Diameter (in.) Aps (in2) fpe (ksi) fr (ksi) 
UNB1 5517.3 31500 0.6 2.170 182.25 0.598 
UNB2 5044.0 31500 0.6 3.038 200.40 0.434 
UNB3 5504.4 31500 0.5 2.754 182.25 0.417 
BON2 5395.9 31500 0.5 1.836 151.88 0.268 
 
Girders UNB1 through UNB3 used strands that were unbonded and external to the 
section whereas BON2 used internal, bonded strands. The strands for BON2 were bonded 
using a cementitious grout. The girders were quasi-statically loaded at the midspan 
incrementally until failure. Figure 4.5 through Figure 4.8 show the comparison of the 
experimental and analytical load vs. displacement curves for the segmental specimens.  
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Figure 4.5  Experimental and Analytical Load vs. Displacement Curves for Girder UNB1 
 
Figure 4.6  Experimental and Analytical Load vs. Displacement Curves for Girder UNB2 
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Figure 4.7  Experimental and Analytical Load vs. Displacement Curves for Girder UNB3 
 
Figure 4.8  Experimental and Analytical Load vs. Displacement Curves for Girder BON2 
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During testing, girder UNB1 lost load carrying capacity when a strand ruptured at the 
anchor at a displacement of approximately four inches. Because there was no grout to resist 
the rupture of the strand, the strand no longer contributed to the resistance of the structure.  
As shown in Table 4.3 there is good agreement for the maximum load capacity of the 
structure. In every case except UNB1, the estimated displacement at the maximum load is 
lower than the experimental value. This overprediction is likely due to the strand rupturing at 
the anchor wedge. All other analytical displacement predictions were conservatively lower.  
Table 4.3  Summary of Analytical Validation Comparisons 
Beam Max. Load (kip) 
Max. Displacement 
(in.) 
Displacement at 
Max. Load (in.) 
An. Exp. Error An. Exp. Error An. Exp. Error 
UNB1 46.0 45.4 1.34% 6.20 10.0 38.0% 6.20 4.01 54.6% 
UNB2 110 108 1.79% 4.23 5.90 28.3% 4.23 4.42 4.28% 
UNB3 158 163 2.91% 5.06 9.80 48.4% 5.06 8.49 40.4% 
BON2 116 122 5.40% 8.57 11.9 28.1% 8.57 11.0 22.1% 
An. is analysis, Exp. is experiment, and Error is the percentage error 
4.5 Parametric Study 
4.5.1 Analyzed Structures 
The parametric study was focused on two different cross sections. The first was based 
on a more realistic cross section with a 110 ft. span segmental girder as it tends to create a 
minimum reinforcement governing case. The superstructure was assumed to compose of a 
single-cell box section with a 30 ft. deck wide and 9 ft. deep deck, which is hereon called 
“box girder”. Ideally, a 110 ft. long segmental bridge would require a considerably shallower 
box section; however, the structure considered here is representative of an actual segmental 
bridge project in the United States in which the bridge had multiple spans with the maximum 
span length of 260 ft. The same box section was used for all bridges to enhance the efficiency 
and economy of construction, which tends to create a concern regarding the minimum 
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flexural reinforcement requirements for the short span. The second structure was based on a 
cross section similar to the tested specimens that varied in depth and span and is hereon 
called, “I girder”. These structures represent segmental bridges built using the span-by-span 
method and post-tensioned using external unbonded tendons, with no bonded reinforcement 
crossing the joints. The box girder’s span-to-depth ratio is relatively low, and it is believed 
that when the span-to-depth ratio is relatively low, the minimum flexural reinforcement 
requirement tends to control the design of the required amount of post-tensioning steel. 
Figure 4.9 shows the cross section of the box girder which was designed to satisfy 
serviceability requirements in terms of deflections and concrete stresses as well as to have 
adequate flexural capacity at the critical section. The required amount of post-tensioning was 
found to be governed by the AASHTO cracking moment, Mcr, and a total of 134 strands of 
0.6 in. diameter were used. Figure 4.10 shows the I-girder cross section which was designed 
only to meet the minimum flexural reinforcement requirements based on the Mcr equation. 
 
(All dimensions in inch) 
Figure 4.9  Precast Segmental Box Girder Cross-Section with 30 ft Deck Selected for 
a 110 ft Span Length Analyses 
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Figure 4.10  Precast Segmental I Girder Cross-Section Similar to the Tested Specimens 
A parametric study was completed to further the understanding of certain parameters 
of the minimum flexural reinforcement and their effects on the behavior of precast segmental 
girders. The study assumed the following: 
• The specified concrete strength was taken as 6 ksi for the I girder and 8 ksi for 
the box girder. 
• Although Hognestad (1951) recommends a crushing strain of 0.0038, a strain 
of 0.003 was used for terminating the analysis due to the concrete crushing. 
• The modulus of rupture at the joints in the segments for the I girders was 
defined recognizing the depth influence as recommended in the NCHRP 12-
94 project as fr = 0.24√(f’c)*h-0.15(ksi) and for the box girder the modulus of 
rupture was taken as specified in AASHTO [fr = 0.24√(f’c) (ksi)]. 
• Modulus of rupture was inflated within the segments because the response is 
dominated by the crack opening between segments and because the joint is 
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expected to open prior to flexural cracking in the segment (Megally et al., 
2002). 
• All spans are simply supported. 
• The box girder is bonded at the deviator locations to recognize the significant 
and realistic slip resistance. The I girder was modeled more similarly to the 
tested specimens where the grout-free tendons were minimally restricted in 
redistributing the prestressing stresses during testing. 
• Effective prestressing stresses for the I girder and the box girder were taken as 
62% and 61%, respectively, of the guaranteed ultimate stress of 270 ksi for 
the prestressing strands. 
4.5.2 Analysis Variables and Results 
4.5.2.1 Modulus of Rupture (fr) 
The influence of fr is particularly important at the joints between the segments. A 
range of values from 0�𝑓𝑓𝑐𝑐′, to represent dry joints, up to 9�𝑓𝑓𝑐𝑐′ (psi) were selected as the 
lower and upper bound values. This parameter was considered because of the effect it would 
have on the cracking moment. As the assumed fr increases the resulting cracking moment 
increases. The increase in fr then reduces the Mo/Mcr and generally the displacement ratio as 
illustrated in Figure 4.14, Figure 4.15, and Table 4.4. The post-cracking moment-
displacement relationships converge to follow similar paths with increasing displacement 
until failure of the girder despite differing values for fr which is shown in Figure 4.11, Figure 
4.12, and Figure 4.13.  
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Figure 4.11  Effect of Modulus of Rupture on a 110 ft Span, 8 ksi Concrete Strength Girder 
 
Figure 4.12  Effect of Modulus of Rupture on a 150 ft. Span, 8 ksi Concrete Strength Girder 
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Figure 4.13  Effect of Modulus of Rupture on I Girder Moment-Displacement Relationship 
Table 4.4  Effect of Modulus of Rupture on the Overstrength Moment Ratio and 
Displacement Ratio 
Beam fr (ksi) Mo/Mcr Δ/L 
Box Girder 110 
ft Span  
3√fc' 0.27 1.50 1.10% 
6√fc' 0.54 1.29 1.22% 
7.5√fc' 0.67 1.25 1.13% 
Box Girder 150 
ft Span 
3√fc' 0.27 1.43 1.10% 
6√fc' 0.54 1.32 1.04% 
7.5√fc' 0.67 1.25 1.09% 
I Girder 108 ft 
Span 
0√fc' 0.00 1.55 1.25% 
3√fc' 0.23 1.32 1.07% 
5.8√fc' 0.45 1.15 0.94% 
9√fc' 0.70 1.02 0.95% 
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Figure 4.14  Effect of Modulus of Rupture on the Overstrength Moment Ratio 
 
Figure 4.15  Effect of Modulus of Rupture on the Displacement Ratio 
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4.5.2.2 Area of Prestressing Steel (Aps) 
As aforementioned, in practice it is commonly found more cost effective to have a 
constant depth section for the prescribed girders, which in turn causes relatively deep girders 
being used for short span structures. The required minimum reinforcement criterion often 
governs the design of these spans with deeper sections. The following analyses on the box 
girder were aimed to observe the results of ignoring the minimum reinforcement 
requirements when the minimum reinforcement requirements are the governing factor. The 
ignoring of the minimum reinforcement requirements led the design of the beams to be 
governed by the flexural capacity of the box girder.  
For the box girder, the current AASHTO Specifications were used to calculate the 
minimum amount of flexural reinforcement. The lower than AASHTO Specifications for the 
box girder are governed by the flexural capacity. For the I girder, the AASHTO 
Specifications minimum is calculated solely on the equation for Mcr. The modulus of rupture 
for the I girder has been adjusted for the members depth in the calculation. 
The results for varying the amounts of prestressed strands are shown in Figure 4.16, 
Figure 4.17, and Table 4.5 and they suggest that ignoring the minimum flexural 
reinforcement requirements will lead to high ductility of the girder, but possibly not adequate 
overstrength moment ratio.  
It is observed that the very lightly reinforced I girders self-weight moment is a large 
portion of their total moment capacity, which in turn leads to very low overstrength moment 
ratios. These are unrealistic cases as the governing design loads would require at least 1.25 
times the self-weight moment. It is also observed in Table 4.5 that varying the amount of 
steel for the I girder above the minimum amount does not increase the overstrength moment 
ratio and that increasing the prestressing steel by a factor of 3 only increases the overstrength 
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moment ratio by 10%. The overstrength moment ratio does change more noticeably for the 
box girder due to the bonded condition at the deviators which allow greater increase in the 
tendon strain and thus, increasing the tendon stress, which allows for more gain in the 
moment capacity. 
 
 
Figure 4.16  Effect of Area of Prestressing Steel on Load vs. Displacement Curves for Box 
Girder 
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Figure 4.17  Effect of Area of Prestressing Steel on Load vs. Displacement Curves for I 
Girder 
Table 4.5  Effect of the Area of Steel on the Overstrength Moment Ratio and Displacement 
Ratio 
Girder 
Meets 
AASHTO? Aps (in2) Aps,pr/Aps,req Mo/Mcr Δ/L 
Box 
Girder 
30' Deck  
Yes 29.078 1.11 1.25 1.13% 
No 22.134 0.84 1.15 1.13% 
Box 
Girder 
45' Deck  
Yes 35.154 1.22 1.24 1.41% 
No 26.040 0.90 1.15 1.19% 
Box 
Girder 
60' Deck  
Yes 38.192 1.25 1.24 1.26% 
No 29.078 0.95 1.16 1.19% 
I Girder 
7.167' 
Deck 
Yes 2.264 1.00 1.15 0.94% 
Yes 4.529 2.00 1.15 0.66% 
No 1.698 0.75 1.06 0.89% 
No 1.509 0.67 1.05 0.99% 
Yes 3.017 1.33 1.15 0.75% 
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4.5.2.3 Concrete Strength (fc’) 
The concrete strength was considered for its influence in the failure mode and the 
cracking moment. The normal mode of failure is concrete crushing and it was predicted that 
the changing the concrete strength would change its behavior. As seen in Figure 4.18 and 
Figure 4.19 the differences arise from the cracking moment, but the post-cracking behavior 
tends toward the similar behavior as displacement increases. Because the fr is a function of 
the concrete strength it is sensible that a change in the Mo/Mcr ratio changes as shown in 
Table 4.6. That trend is similar to, but less dramatic than the Mo/Mcr ratio change in the fr 
study due to the equation of fr being proportional to the square root of the concrete strength.  
 
Figure 4.18  Effect of Concrete Strength on Load vs. Displacement Curves for 110 ft. Span 
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Figure 4.19  Effect of Concrete Strength on Load vs. Displacement Curves for I Girder 
Table 4.6  Effect of Concrete Strength on the Overstrength Moment Ratio and Displacement 
Ratio 
Girder fc' (ksi) Mo/Mcr Δ/L 
Box 
Girder 
6.00 1.32 1.13% 
8.00 1.25 1.13% 
10.00 1.19 1.41% 
I Girder 
6.00 1.15 0.94% 
8.00 1.11 0.99% 
10.00 1.06 0.85% 
12.00 1.06 1.00% 
 
4.5.2.4 Bond Condition 
It was anticipated that allowing or not allowing slipping to occur at the deviators 
would influence the ductility of the member. It was found that the slipping at the deviators 
increased the ductility and decreased the overstrength moment ratio in as shown Table 4.7, 
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where Δ/L increases as much as over two times as slipping is allowed. The overstrength 
moment ratio decreases as slipping is allowed. The case without friction allowed the stress 
distribution to be uninterrupted at the deviators and therefore equal at all parts in the tendon. 
This disruption at the deviators did affect the cases with friction and no slipping causing 
varying stresses between deviators.   
Table 4.7  Effect of Bond Condition at Deviators on the Overstrength Moment Ratio and 
Displacement Ratio 
Girder Slip Allowed? Mo/Mcr Δ/L 
Box Girder 
150' Span  
No 1.25 1.09% 
Yes, with friction 1.19 1.39% 
Yes, ignoring friction 1.17 1.31% 
Box Girder 
110' Span  
No 1.25 1.13% 
Yes, with friction 1.27 1.71% 
Yes, ignoring friction 1.20 1.66% 
I Girder 54' 
Span 
No 1.23 0.51% 
Yes, ignoring friction 1.05 0.62% 
I Girder 
108' Span 
No 1.23 0.42% 
Yes, ignoring friction 1.15 0.94% 
 
4.5.2.5 Span-to-Depth Ratio 
There was an expectation that if the span-to-depth ratio is low, minimum flexural 
reinforcement requirements could control the prestressing steel design. This is true regarding 
the largest span-to-depth ratio of about 12. However, the other designs for the box girders 
were not governed by the minimum flexural reinforcement requirements. As seen in Figure 
4.20, Figure 4.21, and Table 4.8, there is no observable correlation in the span-to-depth ratio 
with the overstrength moment ratio and the displacement ratio.     
113 
 
Figure 4.20  Effect of Span-to-Depth Ratio at Deviators on Load vs. Displacement Curves for 
Box Girders 
 
Figure 4.21  Effect of Span-to-Depth Ratio at Deviators on Load vs. Displacement Curves for 
I Girders 
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Table 4.8  Effect of Span-to-Depth Ratio at Deviators on the Overstrength Moment Ratio and 
Displacement Ratio 
Girder Span/Depth Mo/Mcr Δ/L 
Box 
Girder 
12.22 1.25 1.13% 
12.50 1.21 0.91% 
16.67 1.25 1.09% 
18.75 1.27 1.15% 
25.00 1.32 1.22% 
I Girder 
18.00 1.05 0.31% 
9.00 1.12 0.59% 
4.50 1.12 0.30% 
 
4.6 Summary of Design and Parametric Study Results 
After looking at the design of the segmental specimens and the parameters in the 
analyses above, the following important observations are made: 
1. Bond condition 
Design: As expected, fps is lower for unbonded steel than for bonded steel. 
This is due to the strain redistribution along the unbonded length incorporated into the 
equation. When the unbonded length decreases, fps and thus, the nominal moment 
capacity, increases. However, even if the unbonded length provided is small, the 
designer is limited to fpy which results in the bonded prestressing steel always 
achieving greater effectiveness in increasing the nominal moment capacity.  
Analysis: When both girders types were fully bonded to the deviator, an 
overstrength moment greater than required by the AASHTO Specifications was 
achieved. When they were free to slip without friction, the overstrength moment 
ratios for some cases dipped below the acceptable AASHTO Specifications 
overstrength moment requirement. Conversely, the displacement ratio increased for 
the free-to-slip cases.  
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2. Area of prestressing steel 
Design: Because of decreased effectiveness of unbonded tendons as described 
above, additional unbonded steel will not increase the nominal moment capacity, Mn, 
as effectively as bonded steel. This is particularly noticeable when trying to meet the 
minimum flexural cracking moment, Mcr. A common design practice to overcome the 
minimum flexural reinforcement requirements for prestressed segmental girders is to 
add prestressing steel while reducing the stress in each strand so fcpe remains 
unchanged, thus preventing an iterative process in solving for the cracking moment 
equation. The major disadvantage to this design procedure is the decrease in the 
effectiveness of the materials and competitiveness of prestressed girders. 
Analysis: The overstrength moment ratio is not very sensitive to the area of 
external unbonded prestressing steel. The I girder showed less sensitivity than the box 
girder, which is due to the bonding condition at the deviator. This suggests that 
requiring additional prestressing steel in unbonded segmental structures to meet the 
minimum flexural reinforcement requirement will not significantly increase the 
overstrength moment ratio of the structure and may not increase the overstrength 
moment ratio at all. 
3. Modulus of rupture 
Design and Analysis: The lower the modulus of rupture, the higher the 
overstrength moment ratio. The accuracy of the modulus of rupture is important from 
a serviceability and ultimate perspective. At the ultimate state, if the modulus of 
rupture is overestimated that may lead to overly-reinforced sections, which decreases 
ductility in the structure and if underestimated, the likelihood for flexural failure upon 
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onset of flexural cracking increases. At the serviceability state it is the inverse 
relationship; the higher the modulus of rupture, the more a designer will rely on the 
concrete’s tensile strength to decrease the amount of steel required. The lower the 
modulus of rupture, the less reliant designers will be for the concrete’s tensile 
capacity.   
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CHAPTER 5.    CONCLUSIONS 
5.1 Introduction 
This thesis has summarized the research completed focusing on examining key 
factors influencing the minimum flexural reinforcement requirement for the AASHTO 
Specifications. This effort included reviewing previous research on related topics, conducting 
five large-scale tests, and performing complementary analytical work. Based on this study, 
the following conclusions have been drawn.   
5.2 Review of Previous Research 
Reviewing the previous research completed, a summary of key findings are as 
follows:  
1. There has not been previous research regarding minimum flexural reinforcement 
for post-tensioned segmental girders.  
2. Use of the fracture mechanics concept has led to better understanding of the 
influence of member depth on flexural cracking, which is also seen in the 
experimental data. However, it has not been widely used in routine design 
practice.  
3. The AASHTO Specifications do not account for the slip resistance that can be 
achieved at the deviators. Including this effect would result increase accuracy for 
the nominal moment capacity for girders with unbonded tendons, but also 
increase complexity in the calculation.  
5.3 Experimental Investigations 
After completing testing on two reinforced girders and three pretensioned girders, the 
following observations are made: 
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1. Local debonding of the reinforcement allowed greater displacements in the 
system. This was true for the reinforced and pretensioned girders. For both girder 
types, the strain gauges indicated that the reinforcement experienced local 
debonding and strain redistribution at the sections that experienced flexural 
cracking. Given the failure type of the pretensioned girders, this effect was also 
physically observed at the critical section where the failure occurred. This 
suggests that further displacements are provided in a system than what is typically 
captured in analyses, which would give inspectors and/or users warning of failure 
before collapse of the structure. 
2. The lowest overstrength moment ratios achieved for the reinforced concrete and 
pretensioned girders were 2.01 and 1.87, respectively. These values were greater 
than required by the AASHTO Specifications, despite having the minimum or less 
than minimum flexural reinforcement. For the reinforced concrete girders, the 
crushing of the concrete indicated that, although the reinforcement was minimal, 
additional moment and displacement capacity would have been achieved if the 
compression flange of the section was larger.  
3. The full-scale test units showed a relationship between the depth of a member and 
the modulus of rupture. The modulus of rupture beams, made of the same 
concrete mix full-size members, had a greater flexural cracking strength than the 
full-size specimens.   
5.4 Design and Parametric Study of Post-tensioned Segmental Girders 
The design of the test specimens and the analyses on the two different sections of 
precast external unbonded segmental girders have agreed upon the following conclusions: 
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1. For prestressed girders with unbonded tendons, the bond condition at the 
deviators plays an important role in achieving a specified overstrength moment 
ratio. When the bond condition is treated as a frictionless plane, the overstrength 
moment ratios are lower than those with a friction or a no-slip condition at the 
deviators due to the increase in unbonded length. When the slip resistance at the 
deviators is considered, the nominal moment capacity increases. The difference in 
the bond condition at the deviators significantly influences whether the structure 
performs satisfactorily per the AASHTO Specifications.  
2. Changing the area of prestressing steel is not effective in changing the 
overstrength moment ratio significantly when there is no bond at the deviators. 
This should be examined more thoroughly in creating criteria for applications 
where there is no significant tendon slip resistance at the deviators. 
3. The modulus of rupture plays a critical role in determining the overstrength 
moment ratio. By increasing the modulus of rupture, the overstrength moment 
ratio decreases. After flexural cracking occurs, the load vs. displacement 
relationship converges as the displacement increases despite varying modulus of 
rupture.  
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APPENDIX. TEST GIRDER DRAWINGS 
 
Figure 0.1  RC and Pretensioned Girder Drawing Cover Page 
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Figure 0.2  A34 Test Unit Details 
 
Figure 0.3  BTC 60 Test Unit Details 
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Figure 0.4  BTE 70 Test Unit Details 
 
Figure 0.5  Large and Small Inverted Tee Test Unit Details 
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Figure 0.6  Segmental Cover Sheet and Sheet List 
 
Figure 0.7  Mild Reinforcement Details 
128 
 
Figure 0.8  Segmental Elevations 
 
Figure 0.9  UNB1 Typical Longitudinal and Transverse Section 
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Figure 0.10  UNB1 End Block Longitudinal and Transverse Section 
 
Figure 0.11  UNB1 Deviator Segment Longitudinal and Transverse Section 
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Figure 0.12  UNB2 Typical Longitudinal and Transverse Section 
 
Figure 0.13  UNB2 End Block Longitudinal and Transverse Section 
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Figure 0.14  UNB2 Deviator Segment Longitudinal and Transverse Section 
 
Figure 0.15  UNB3 Typical Longitudinal and Transverse Section 
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Figure 0.16  UNB3 End Block Longitudinal and Transverse Section 
 
Figure 0.17  UNB3 Deviator Segment Longitudinal and Transverse Section 
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Figure 0.18  BON2 Typical Longitudinal and Transverse Section 
 
Figure 0.19  BON2 End Block Longitudinal and Transverse Section 
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Figure 0.20  Deviator Details 
 
Figure 0.21  Isometric View of Deviator Section 
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Figure 0.22  Shear and Alignment Key Details 
 
Figure 0.23  Shear and Alignment Key Details for Bonded Segments 
 
